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Abstract. This paper is about algebro-geometrical structures on a moduli spaceM
of anomaly-free BV QFTs with finite number of inequivalent observables or in a fi-
nite superselection sector. We show thatM has the structure of F-manifold – a linear
pencil of torsion-free flat connection with unity on the tangent space, in quantum co-
ordinates. We study the notion of quantum coordinates for the family of QFTs, which
determines the connection 1-form as well as every quantum correlation function of
the family in terms of the 1-point functions of the initial theory. We then define free
energy for an unital BV QFT and show that it is another avatar of morphism of QFT
algebra. These results are consequences of the solvability of refined quantum mas-
ter equation of the theory. We also introduce the notion of a QFT integral and study
some properties of BV QFT equipped with a QFT integral. We show that BV QFT with
a non-degenerate QFT integral leads to the WDVV equation—the formal Frobenius
manifold structure onM—if it admits a semi-classical solution of quantum master
equation.
1. Introduction
This the 2nd installment of the series of papers in a quest to find algebraic principles
of general quantum field theory. A large part of this paper is a natural continuation of
⋆ Thisworkwas supportedbyMid-career Researcher Program throughNRF grant fundedby theMEST
(No. 2010-0000497).
2 Jae-Suk Park
the last chapter of the previous one [1], dealing with the same class of quantum field
theory called anomaly-free BV QFTwith a finite number of equivalence classes of ob-
servables or in a finite superselection sector. We have shown that such a theory comes
with its family parametrized by a formal smooth super (moduli) spaceM with a base
point, which corresponds to the initial QFT, in quantum coordinates. It was a natural
consequence of the existence of solution to quantum master equation, which auto-
matically gives a distinguished solution to the Batalin-Vilkovisky (BV) quantummas-
ter equation. Our quantummaster equation was shown to govern the quantization of
classical correlators such that its solution can be used to determine every quantum
correlation functions from a generating set of 1-point functions.
In this paperwe shall refine theprevious notion of quantummaster equation in its “up
to homotopy” part and find and its solution. We shall also introduce a QFT integral,
which is another piece of data possibly carried by a BV QFT. An immediate conse-
quence shall be that the tangent space TM of the moduli spaceM of a BV QFT with
an QFT integral has certain algebraic structure, which, in special non-degenerate,
semi-classical cases, reduces to that of K. Saito [2] and, independently,Witten-Dijkgraaf-
Verlinde-Verlinde (WDVV) [3,4], a.k.a. the Frobenius manifold structure formalized
and studied in details by Dubrovin [5].
For us, the refined quantummaster equation shall pave a way for understanding both
morphisms of QFT algebras up to homotopy and homotopy path integrals, which are
the subjects of the 3rd paper in this series [6]. We also isolate the notion of QFT com-
plex from the definition of BV QFT algebra in [1], which is the core structure of general
QFT algebras to appear in sequels.
The solvability of the refined quantummaster equation implies that there is 3-tensor
Aαβ γ, which is a formal power series in an affine coordinates tH = {t α} of the graded
space vector space H of equivalence class of observables, onM satisfying
1. symmetry (graded commutativity and potentiality):
Aαβ
γ = (−1)|t
α ||t β |Aβα
γ,
∂Aβγσ
∂ t α
− (−1)|t
α||t β | ∂Aβγ
σ
∂ t α
= 0,
2. relation (associativity): ∑
ρ
Aαβ
ρAργ
σ =
∑
ρ
Aβγ
ρAαρ
σ,
3. unity: there is distinguished distinguish element t 0 such that A0β γ = δβ γ,
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4. homogeneity (Euler vector):∑
ρ
|t ρ |t ρ
∂
∂ t ρ
Aαβ
γ = (|t γ| − |t β | − |t α|)Aαβ
γ.
We remark that a formal super-manifoldwith such a 3-tensorwas called anF-manifold
by Herling-Manin and studied in [7,8]. The symmetry of the 3-tensor Aαβ γ implies
that Aαβ γ =
∂ 2Φγ
∂ t α∂ t β
, for some {Φγ}, so that the associativity relation and unity imply
that ∑
ρ

∂ 2Φρ
∂ t α∂ t β

∂ 2Φσ
∂ t ρ∂ t γ

=
∑
ρ

∂ 2Φρ
∂ t β∂ t γ

∂ 2Φσ
∂ t α∂ t ρ

,
∂ 2Φγ
∂ t 0∂ t β
= δβ
γ.
(1.1)
The above equation may be viewed as a weaker version of WDDV equation, though
its solution {Φγ} is not particularly relevant for us. Rather, the role of Aαβ γ as quan-
tum correlation functions for the full family of BV QFT in quantum coordinates is our
greater interest.
The coefficients of an expansion of Aαβ γ at tH = 0:
Aαβ
γ =mαβ
σ+
∑
ρ
t ρmραβ
σ+
1
2!
∑
ρ1,ρ2
t ρ2t ρ1mρ1ρ2αβ
γ+ · · ·
correspond to the structure constants of the sequencem2,m3,m4, · · · of graded sym-
metric products of ghost number zero on H , mn : SnH → H , which were discussed
in the previous paper and, together with the 1-point functions {〈Oα〉} and the QFT
cycle, were used to determine all of the n-point quantum correlation function of the
initial BV QFT. In this paper we shall show that, in fact, Aαβ γ can be used to determine
all n-point correlation functions for every BV QFT in the family parametrized byM .
The key concept is that of quantum coordinates {T γ} for the family, which are formal
power series in tH and ħh
−1 involving the coefficients of Aαβ γ in the following form
T
γ =t γ−
1
2ħh
∑
α1,α2
t α2 t α1mα1α2
γ
+
1
6ħh2
∑
α1,α2,α3
t α3 t α2 t α1
−ħhmα1α2α3γ+∑
ρ
mα1α2
ρmρα3
γ
+ · · · ,
such that ∑
γ
(−ħh)n
∂ n
∂ t α1 · · ·∂ t αn
T
γ
¬
Oγ
¶
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are quantum correlation functions for the family. Conversely T γ determine Aαβ γ as
follows
Aαβ
γ =−ħh
∑
ρ
∂ G βρ
∂ t α
G
−1γ
ρ ,
where G denotes the matrix with βγ entry Gβ γ :=
∂
∂ t β
T
γ = δ
γ
β
+ · · · ∈ |[[tH ,ħh
−1]],
which is invertible. Then (i) the graded commutativity of Aαβ γ is obvious (ii) both the
potentiality and associativity reduces to dG −1 ∧ dG = 0, where d =
∑
αdt
α ∂
∂ t α
is the
formal exterior derivative (iii) the unity becomes ∂
∂ t 0
G =− 1
ħh
G .
For an unital BV QFT, where the partition function 〈1〉 is normalizable to 1, free energy
F can be defined as follows
e−F/ħh = 1−
1
ħh
∑
γ
T
γá¬Oγ¶,
whereà〈Oα〉 is normalized expectation value. Then, the free energy is a formal power
series in tH and ħh and satisfies the following system of differential equations:
ħh
∂ 2F
∂ t α∂ t β
=

∂ F
∂ t α

∂ F
∂ t β

−
∑
γ
Aαβ
γ

∂ F
∂ t γ

,
where−ħh ∂ F
∂ t α

tH=0
=à〈Oα〉. We shall see that the free energy is another avatar of a mor-
phism of QFT algebra. There is also an exciting possibility to study phases of themod-
uli spaceM via thermodynamical interpretation of the free energy. For this, however,
we should able to work with convergent power series instead of formal one.
In Sect. 4.4 of the previous paper [1] we have argued that the notion of quantum co-
ordinates is a natural generalization of that of flat or special coordinates on moduli
spaces of topological strings or conformal field theory in 2-dimensions [3,4,9,10]. For
the mathematics side, it was demonstrated that both the flat structure on the moduli
space of universal unfolding of simple singularities due to K. Saito [2] and the flat co-
ordinates onmoduli space associatedwith differential BV algebrawith ∂ ∂¯ -lemma due
to Barannikov-Kontsevich [11] are also examples of quantum coordinates. We should,
however, keep in mind that the associated moduli spaces of the above mentioned ex-
amples also come with a compatible flat metric gαβ on its tangent space:
gαβ = (−1)
|t α ||t β |gβα,
∑
ρ
Aαβ
ρgργ =
∑
ρ
Aβγ
ρgαρ ,
∂ gβγ
∂ t α
= 0,
which is invertible. The additional data {gαβ }, then, implies that Aαβγ :=
∑
ρ Aαβ
ρgργ
is totally graded symmetric for all 3-indices and there is some potential Φ
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Aαβγ =
∂ 3Φ
∂ t α∂ t β∂ t γ
. Then the associativity andunity conditions become theWDVVequa-
tion:∑
µ,ν

∂ 3Φ
∂ t α∂ t β∂ t µ

g µν

∂ 3Φ
∂ t ν∂ t γ∂ t ρ

=
∑
µ,ν

∂ 3Φ
∂ t β∂ t γ∂ t µ

g µν

∂ 3Φ
∂ t α∂ t ν∂ t ρ

,
gαβ =
∂ 2
∂ t α∂ t β

∂ Φ
∂ t 0

,
where g αβ denote the inverse metric.
Our BVQFTpackage (BV QFT algebra plus QFT cycle) does not automatically lead to a
compatible flatmetric, while the above historical examples comewith additional data
such as suitable version of the Poincaré metric or the Barannikov-Kontsevich (BK)
integral[11]. In this paper we introduce the notion of QFT integral, which supplies
new quantum homotopy invariants in addition to those coming from a QFT cycle. A
QFT integral shall be a QFT cycle with special property which can also be viewed as a
generalization of BK integral. We, then, show that BV QFTwith a QFT integral induces
certain rich algebraic structure on TM , which, in the semi-classical case, is exactly
Frobenius manifold.
These results are further evidence of our assertion that the notion of quantum coordi-
nates is a natural generalization of flat, or special, coordinates. The term quantum
coordinates is motivated by the following phenomena: A solution to the quantum
master equation automatically gives a solution to quantum descendant equation (BV
quantummaster equation) whose classical limit corresponds to a specific choice of a
universal solution to the Maurer-Cartan equation (the classical BV master equation)
governing themoduli spaceM . Via such the solution the affine coordinates tH = {t α}
onH give a distinguished coordinates called quantumcoordinates onM . In the semi-
classical case such quantum coordinates has been called flat since gαβ happens to be
independent of tH .
We also note that the essential information of quantum correlations is summarized
by the quantum coordinates {T (tH )γ} for the family, which can be inverted after be-
ing regarded as a sequence of maps, parametrized by ħh−1, onH to a formal neighbor-
hood around the base point inM . Such inversion is reminiscent of the Abel-Jacobi
inversion of period map on elliptic curve1 as well as the mirror map and could be a
universal problem associated with quantum field theory without anomaly. For us it
1 It is interesting to note that an attempt to generalize this picture has led K. Saito to his original dis-
covery of Frobenius manifold structure on a universal unfolding of singularity (see his own account
in[12]).
6 Jae-Suk Park
adds strength to the mantra of our series that quantum field theory is the study of
morphisms of QFT algebras, with quasi-isomorphisms being physical equivalences.
This paper is organized as follows. In Section 2 we setup notations and conventions
as well as a streamlined summary of the the basic mathematical setting of the pre-
vious paper [1]. The notable additions are the definition of QFT complex and two
propositions about it. The QFT complex is a core structure of general QFT algebras.
In Section 3 we state the main theorem of this paper on solutions to refined quantum
master equation and study various consequences, as summarized above. In Section
4, we study the notion of QFT integral and derive Frobenius manifold structure in the
semi-classical case. The last section is devoted to a proof of our main theorem. Proofs
of some technical propositions used in themain text are in Appendix A and B.
I would like to thank John Terilla for a proofreading of this manuscript.
2. Preliminary
This section is a brief summary of the basic mathematical setting of the previous pa-
per [1]. We shall also fix notations and conventions. The presentation here is in some-
what different order and, perhaps, more streamlined since it is without the attempts
to justify whether our scheme is indeed about quantum field theory which compli-
cated the previous document.
A notable addition in this paper is that we have isolated the definition of a QFT com-
plex from a BV QFT algebra as a core structure. We prove two important propositions
on QFT complex. General (both commutative and non-commutative) QFT algebra
is a QFT complex with certain compatible additional algebraic structure, where the
compatibility shall be always stated as suitable ħh-divisibility conditions.
In the remaining part of this paper we shall use the Einstein summation convention
that the repeated upper and lower indices are summed over without the summation
notation. It is also understood that an equality labeled by unrepeated indices shall
mean that it is valid for all the ranges of the indices, unless otherwise specified.2
Fix a ground field | of characteristic zero, usuallyR orC. LetC be aZ-graded |-vector
space and set
C [[ħh]] =
(∑
n≥0
ħhna (n )
a (n ) ∈C) ,
2 For example, Aαβ ρAργs =AβρρAαρσ means that
∑
ρ
Aαβ ρAργσ =
∑
ρ
AβρρAαρσ for all α,β ,γ,σ.
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whereħh is a formal parameter (the formal Planck constant). TheZ-grading is specified
by ghost number and |a| denotes the ghost number of a. We set |ħh |= 0.We shall denote
an element of C [[ħh]] by an upright bold letter, i.e., a ∈ C [[ħh]], and an element of C
by an italic letter, i.e., a ∈ C , such that formal power series expansion of an element
a ∈C [[ħh]] shall be denoted as a= a (0) +ħha (1)+ħh2a (2)+ · · ·, where a (n ) ∈C for all n =
0,1,2, · · ·. We shall often denote a (0) by a . Projection of any structure parametrized by
ħh fromC [[ħh]] toC will be called taking classical limit. In general, anything in formal
power series of ħh is denoted by an upright bold letter, such as F , while a slanted bol d
letter, such as T , denote something in formal Laurent series of ħh.
2.1. QFT Complex
Consider a sequence K = K (0) + ħhK (1) + ħh2K (2) + · · · of |-linear maps on C into C
parametrized by ħh with ghost number 1. The action of K on C [[ħh]] is defined by the
|[[ħh]]-linearity and ħh-adic continuity:
Ka :=
∞∑
n=0
n∑
j=0
K (j )a (n−j ).
We shall usually denote K (0) byQ.
Definition 2.1. The pair
 
C [[ħh]],K

defines the structure of a QFT complex on C if
K2 = 0.
The structure of QFT complex onC is considered modulo the natural automorphism
on C [[ħh]], which is a sequence g= 1+ ħhg (1)+ ħh2g (2) + · · · of |-linear maps on C into
itself parametrized by ħh with ghost number 0 such that g|ħh=0 = 1. The action of g on
C [[ħh]] is defined the |[[ħh]]-linearity and ħh-adic continuity. Such an automorphism
send K to K ′ = gKg−1:
K =Q +ħhK (1)+ · · · → K ′ =Q +ħh

K (1)+ g (1)Q −Qg (1)

+ · · · .
The leading relations for the condition K2 = 0 are
Q2 = 0,
QK (1) +K (1)Q = 0,
K (1)K (1)+QK (2)+K (2)Q = 0,
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etc. Thus (C ,Q) is a cochain complex over | called the underlying classical cochain
complex (in the QFT complex). Note that the structure (C ,Q) is invariant under the
natural automorphisms onC [[ħh]].
Definition 2.2. The cohomology of a QFT complex
 
C [[ħh]],K

is the cohomology H of
the underlying classical cochain complex (C ,Q), which is fixed by the automorphism
onC [[ħh]].
A morphism of QFT complex from (V [[ħh]],KV ) to (W [[ħh]],KW ) is a sequence fVW =
f
(0)
VW + ħh f
(1)
VW + · · · of |-linear maps on V toW parametrized by ħh of ghost number 0,
such that fVW KV = KW fVW . We shall often denote f
(0)
VW by fVW . The leading relations
are
fVWQV =QW fVW ,
fVW K
(1)
V + f
(1)
VWQV = K
(1)
W fVW +QW f
(1)
VW .
Thus, in particular, fVW is a cochainmap of the underlying classical cochain complex.
Definition 2.3. A quasi-isomorphism of QFT complexes is a morphism of QFT com-
plexes whose underlying classical cochain map induces an isomorphism on the coho-
mology.
A quantum homotopy is a sequence
sVW = sVW +ħhs
(1)
VW +ħh
2s
(2)
VW + · · ·
of |-linear maps on V into W with ghost number −1 parametrized by ħh. We shall
often denote s
(0)
VW by sVW . Morphisms of QFT complex fVW and f
′
VW are quantum
homotopic if
f′VW − fVW = sVW KV + KW sVW
for some quantum homotopy sVW . The leading relations are
f ′VW − fVW = sVW KV +QW sVW ,
f
′(1)
VW − f
(1)
VW = sVW K
(1)
V +K
(1)
W sVW + s
(1)
VWQV +QW s
(1)
VW .
Thus, in particular, f ′VW and fVW are cochain homotopic. Both quantum morphism
and quantum homotopy are defined modulo automorphisms gVV and gWW such as
fVW → gWW fVW g
−1
VV .
Definition 2.4. A QFT complex
 
C [[ħh]],K

is called on-shell if K |ħh=0 = 0.
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Remark 2.1. The prefix “on-shell” is motivated by an analogy with the classical equa-
tion ofmotion, which corresponds to the vanishing loci ofQ regarded as an odd vector
field over the space of classical fields.
The following is the theorem in section 3 of the previous paper [1]:
Theorem 2.1. On cohomologyH of aQFT complex

C [[ħh]],K =Q+ħhK (1)+· · ·

there is
the structure

H [[ħh]],κ= ħhκ(1)+ħh2κ(2)+ · · ·

of an on-shellQFT complex. Also, a quasi-
isomorphism f : (H ,0) → (C ,Q) of the classical complex which induces the identity
map on H has an extension to a morphism f= f +ħh f (1)+ħh f (2)+ · · · of QFT complexes,
Kf= fκ, which is defined uniquely up to quantumhomotopy and automorphisms.
The leading conditions for Kf= fκ are
Q f = 0,
K (1) f +Q f (1) = f κ(1).
Let κ= ħhnκ(n )+ħhn+1κ(n+1)+ · · · such that κ(n ) 6= 0. Then κ(n ) remains invariant under
automorphism on H [[ħh]]. The quasi-isomorphism f : (H ,0) → (C ,Q) in the above
proposition is nothing but a |-linear way of choosing representative of each and every
cohomology class. ThenQ f (x ) = 0 for any x ∈H and theQ-cohomology class of f (x )
is x , i.e.,

f (x )

= x , so that f induces the identity map on H . Theorem 2.1 implies
that the structures
 
H [[ħh]],κ

and
 
C [[ħh]],K

on H and C , respectively, are quasi-
isomorphic as QFT complex via f.
Remark 2.2. Note that the both
 
H [[ħh]],κ

and
 
C [[ħh]],K

are also cochain complexes
over the formal power series ring |[[ħh]] and f as a |[[ħh]]-linear map on H [[ħh]] into
C [[ħh]] is a cochain map since Kf= fκ. Recall that a cochainmap induces amorphism
on the cohomology. The cohomology of a cochain complex
 
V [[ħh]],KV

over |[[ħh]]
is, of course, the quotient |[[ħh]]-module Ker KV /Im KV . A cochain map is a quasi-
isomorphism (of cochain complex) if it induces an isomorphism on the cohomology.
Hence, our definitions of the cohomology of QFT complex and quasi-isomorphism
of QFT complex could be vexing. The following two propositions shall be clarifying,
which proofs are located in Appendix A for the sake of streamlined presentation.
Proposition 2.1. Any η∈C [[ħh]]|η| satisfying
Kη= 0,
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can be expressed as
η= f(x)+ Kλ,
for certain pair (x,λ) ∈H [[ħh]]|η|⊕C [[ħh]]|η|−1 such that
κx= 0.
Let (x′,λ′) ∈ H [[ħh]]|η| ⊕C [[ħh]]|η|−1 be any other pair satisfying η = f(x′) + Kλ′. Then
there is certain pair

y,ζ

∈H [[ħh]]|η|−1⊕C [[ħh]]|η|−2 such that
x′− x=κy,
λ′−λ= f(y)+ Kζ,
Proposition 2.2. A pair {x,λ} ∈H [[ħh]]|x|⊕C [[ħh]]|x|−1 satisfies
f(x) = Kλ
if and only if there is a pair
¦
y,ζ
©
∈H [[ħh]]|x|−1⊕C [[ħh]]|x|−2 such that
x=κy,
λ= f
 
y

+ Kζ.
Combining the above two propositions, we have
Lemma 2.1. The structures
 
H [[ħh]],κ

and
 
C [[ħh]],K

of QFT complex on H and C ,
respectively, are quasi-isomorphic (via f) also as cochain complex over |[[ħh]].
Remark 2.3. Why didn’t we define cohomology of a QFT complex
 
C [[ħh]],K

, which
is automatically a cochain complex over |[[ħh]], by the standard one? There are at least
three reasons not to do that. One reason is that the natural automorphism on C [[ħh]]
does not fix K so that K-cohomology may not have intrinsic meaning for our pur-
pose. Another reason is that we can hardly expect the K-cohomology group is free
|[[ħh]]-module in general, while both H [[ħh]] and C [[ħh]] are free. The final and per-
haps the most important reason for us is that we are loosing some crucial informa-
tion, encoded by κ, by taking K-cohomology. It may be plausible that the totality of
free resolutions of the K-cohomology modulemay recover the lost information, while
the on-shell QFT complex
 
C [[ħh]],κ

could be "the best" model.
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The purposes of propositions 2.1 and 2.2 are for more than lemma 2.1. Consider, for
example, proposition 2.1. Note that its classical limit is completely standard. Let η ∈
C |η| satisfyingQη= 0. Then there is certain pair (x ,λ) ∈H |η|⊕C |η|−1 such that
η= f (x )+Qλ.
Let (x ′,λ′) ∈H |η|⊕C |η|−1 is any other pair satisfying η= f (x ′)+Qλ′ then there is a pair
(y ,ζ)∈H |η|−1⊕C |η|−2 such that
x ′−x = 0,
λ′−λ= f (y )+Qζ,
since κ|ħh=0 = 0. The above statements mean, simply, that x = [η] =

f (x )

(unique-
ness), while the space of ambiguities of λ is KerQ, which has a decomposition Im f ⊕
ImQ. And there is no "correlation" between the (zero) ambiguity of x and the am-
biguity of λ. The situation is rather different in general. The ambiguities of x and
λ are correlated and the space of ambiguities of λ is not necessarily Ker K , since
K (λ′−λ) = f
 
κy

6= 0 in general. Such correlation vanishes if κ= 0.
Corollary 2.1. Let κ = 0. Then any η ∈ C [[ħh]]|η| satisfying Kη = 0 can be written as
η = f(x) + Kζ for unique x ∈ H [[ħh]] and some ζ ∈ C [[ħh]], which is defined modulo
Ker K .
Proof. Proposition 2.1 with κ= 0. ⊓⊔
Corollary 2.2. Let κ= 0 and let f(x) = Kλ. Then x= 0 and Kλ= 0.
Proof. Proposition 2.2 with κ= 0. ⊓⊔
Finally we state a simple proposition, which deserve some attention.
Proposition 2.3. Let κ= 0. Assume that we have the following type of equality
ħhη= Kλ,
where η ∈ C [[ħh]]|η| and λ ∈ C [[ħh]]|η|−1. Then there exist some ξ ∈ C [[ħh]] such that
η= Kξ.
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Proof. From the classical limit we haveQλ = 0. Hence, λ = f ([λ]) +Q̺ for some ̺ ∈
C . It follows that the expression λ− f ([λ])− K̺ is divisible by ħh. Define
ħhξ :=λ− f ([λ])− K̺
so that ξ ∈C [[ħh]]|M |−1. Applying K to the above we obtain that ħhKξ= Kλ. Hence we
have ħhM = ħhKξ, which is equivalent to M = Kξ. ⊓⊔
Remark 2.4. We should emphasize that the condition ħhη = Kλ does not necessarily
implies that η = Kξ for some ξ ∈ C [[ħh]], since the obvious candidate ξ = 1
ħh
λ may
not belong toC [[ħh]] - λmay not be divisible by ħh in C [[ħh]]. The notion of QFT com-
plex and the condition divisibility by ħh shall plays prominent roles in developing our
theory.
2.2. Observable, QFT Cycle and Quantum Expectation Value
Definition 2.5. An observable x is an element of H such that κx = 0, i.e., κ(ℓ)x = 0 for
∀ℓ= 1,2,3, · · ·.
Let x ∈H be an observable. ThenQ f (x ) = 0, where f (x ) ∈C |x | and theQ-cohomology
class [ f (x )] of f (x ) is x . We say f (x ) a classical representativeof the observable x . Then
theorem 2.1 means that f(x ) = f (x ) + ħh f (1)(x ) + · · · ∈ C [[ħh]]|x | satisfies Kf(x ) = 0. We
say f(x ) a quantum representativeof the observable x . Now consider an element y ∈H
such that κy 6= 0. We still haveQ f (y ) = 0, while theorem 2.1 means that ħh-correction
to f (y ) such that it is annihilated by K does not exist.We sayQFT complex is anomaly-
free ifκ= 0 on its cohomology. We call an element y ∈H withκy 6= 0 an invisible. Note
that observable and invisible are indistinguishable in the classical limit. The existence
of invisibles shall be identified with that of fundamental quantum symmetry in a se-
quel.
Definition 2.6. A QFT cycle of dimension N for a QFT complex
 
C [[ħh]],K

is a se-
quence c = c(0) + ħhc(1) + ħhc(2) + · · · of |-linear maps c (ℓ), ℓ = 0,1,2, · · ·, on C into | of
ghost number−N parametrized by ħh satisfying
cK = 0.
Two QFT cycles c,c′ of dimension N are quantum homotopic if there is a sequence r =
r (0)+ħhr (1)+ħh2r (2)+ · · · of |-linearmaps r (ℓ), ℓ= 0,1,2, · · ·, onC into | of ghost number
−N − 1 parametrized by ħh such that c′− c= rK .
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Remark 2.5. Note that the ghost number of | and |[[ħh]] is concentrated zero. Hence
the sequence maps c(0),c(1), · · · should be zero maps onC j for j 6=N .
We recall that theorem 2.1 gives a sequence f := f +ħh f (1)+ħh2 f (2)+ · · · of |-linear maps
parametrized by ħh onH intoC defined up to quantum homotopy satisfying K f= fκ.
We can compose the map f, regarded as a |[[ħh]]-linear map on H [[ħh]] into C [[ħh]],
with the map c := c(0) + ħhc(1) + ħh2c(2) + · · ·, regarded as a |[[ħh]]-linear map on C [[ħh]]
into |[[ħh]], to obtain a sequence3
ι :=χ f= ι(0)+ħhι(1)+ħh2ι(2)+ · · ·
of |-linear maps parametrized by ħh on H into | such that ι(n ) =
∑n
ℓ=0 c
(n−ℓ) f (ℓ). The
ambiguity of ι due to the ambiguities of f and c up to quantum homotopy, f∼ f′ =
f+ Ks+ sk and c∼c′ = c+ rK , is ι′− ι≡ c′f′− c f= (cs+ rf+ r K s)κ.
Definition 2.7. Let x ∈ H be an observable. The quantum expectation value of the ob-
servable x is ι(x ) := cf(x ), which is a quantum homotopy invariant.
2.3. BV QFT Algebra and BV QFT
Now we turn to BV QFT algebra and BV QFT, which notions were motivated by the
celebrated Batalin-Vilkovisky quantization scheme [13]. Let
 
C , ·

be a Z- graded |-
vector space with a bilinear product · of ghost number zero. Then there is a canonical
|[[ħh]]-bilinear product onC [[ħh]], denoted by the same notation ·, induced fromC by
ħh-adic continuity, i.e.,
a ·b= a (0) ·b (0)+
∞∑
n=1
ħhn
∑
i+j=n
a (i ) ·b (j ).
Definition 2.8. A BV QFT algebra (with unit 1) is a triple
 
C [[ħh]],K , ·

, where the
pair
 
C [[ħh]],K

is QFT complex and the bilinear product · is graded-commutative and
associative such that
– quantumunit: K1= 0 and 1 ·a= a for all a∈C [[ħh]].
– ħh-condition: the failure of K being a derivation of the product · is divisible by ħh and
the binary operationmeasuring the failure is a derivation of the product.
3 The composition symbol is omitted throughout this paper.
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From the ħh-condition, it is convenient to introduce a |[[ħh]]-bilinear map
( , )ħh :C [[ħh]]
k1 ⊗C [[ħh]]k2 −→C [[ħh]]k1+k2+1
called BV bracket by the formula
−ħh(−1)|a|
 
a,b

ħh := K (a ·b)− Ka ·b− (−1)
|a|a · Kb. (2.1)
Then, by definition, the bracket is a (graded) derivation of the product (Poisson-law)
(a,b · c)ħh = (a,b)ħh · c+(−1)
(|a|+1)|b|b · (a,c)ħh , (2.2)
and the unit 1 is in its center. It follows that the bracket satisfies the graded commu-
tativity and the graded Jacobi-identity such that K is a derivation of it: 
a,b

ħh =−(−1)
(|a|+1)(|b|+1) b,a
ħh , 
a,
 
b,c

ħh

ħh =
  
a,b

,c

ħh +(−1)
(|a|+1)(|b|+1)(b,
 
a,c

ħh

ħh ,
K
 
a,b

ħh =
 
Ka,b

ħh +(−1)
|a|+1 a,Kb
ħh .
(2.3)
We call the triple  
C [[ħh]],K , ( , )ħh

the quantum descendant algebra (of the the BV QFT algebra).
Remark 2.6. Note that ( , )ħh = ( , ) + ħh( , )(1) + ħh( , )(2) + · · · is a sequence of |-bilinear
maps, parametrizedby ħh, onC⊗C intoC . Strictly speaking the traditional BV bracket
does not depends on ħh. In the previous paper we have abused notation by not distin-
guishing ( , )ħh with its classical limit ( , ).
Remark 2.7. The ħh-condition in the definition of BV QFT algebra can be relaxed such
that the failure of the binary operation being a derivation of the product is divisible
by ħh2, the failure of the resulting ternary operation being a derivation of the prod-
uct is divisible by ħh3, to be repeated ad infinitum. Such QFT algebra may be called
(graded)-commutative binary QFT algebra and a similar story as in this paper can
be developed. It is just another (not-general) example of QFT algebra, which may be
studied elsewhere. For us two of the essential properties of general QFT algebra are
that the underlying QFT complex and its interplay with additional algebraic structure
with the compatibility stated in term of sequences of divisibility condition by ħh.
By definition the classical limitQ of K satisfiesQ2 = 0 and is a derivation of the prod-
uct, i.e.,Q(a ·b ) =Qa ·b+(−1)|a |a ·Qb . AlsoQ1= 0. Thus the classical limit
 
C ,Q, ·

of a
BV QFT algebra is a differential graded commutative and associative algebra (CDGA)
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over | with unit 1. It also follows that the classical limit
 
C ,Q, ( , )

of the descen-
dant algebra is a DG0LA over |.4 Hence the quadruple
 
C ,Q, · , ( , )

is a differential
0-algebra since the bracket is a derivation of the product. The cohomologyH of (C ,Q)
is also the cohomology of the CDGA and the DG0LA as well as the BV QFT algebra. BV
QFT algebra is also defined up to natural automorphism on C [[ħh]], which fix all the
classical limits.
Observables of a BV QFT algebra are the observables in its QFT complex, elements in
H annihilated by κ= ħhκ(1)+ħh2κ(2)+ · · ·. From the quantum unity K1=Q1= 0, in the
definition of BV QFT algebra, there is a distinguished element e ∈ H0 corresponding
to the cohomology class [1] of the unit 1 such that κe = 0. It is natural to fix f and its
extension f to a morphism of QFT complex such that f (e ) = f(e ) = 1, the unit inC .
Definition 2.9. A BV QFTwith ghost number anomaly N ∈Z is a BV QFT algebra (with
unit 1) together with a QFT cycle c= c(0)+ħhc(1)+ · · · of dimension N .
We call the quantum expectation value cf(e ) = c(1) ∈ |[[ħh]] of e ∈ H0 the partition
function Z of BV QFT. It follows that the partition function vanishes unless N = 0.
We may consider a class of BV QFT with vanishing ghost number anomaly such that
c(1)

ħh=0
≡ c(0)(1) 6= 0. Then the quantum expectation values can be normalized by
multiplying Z−1. Such a theory is called unital BV QFT, with the normalization being
understood.
Definition 2.10. An unital BV QFT is a BV QFT algebra (with unit 1) together with a
QFT cycle c= c(0)+ħhc(1)+ · · ·with dimension N = 0 such that c(1) = 1∈ |.
From now on we are going to adopt the time honored notation for expectation value
such that, for ∀x ∈H , 

f(x )

= cf(x ),
where f(x ) ∈ C [[ħh]]|x |. We emphasize that the expectation value


f(x )

depends only
on the quantum homotopy class of the QFT cycle c if and only if κ(x ) = 0. We also
emphasis that the condition κ(x ) = 0 implies that Kf(x ) = 0 and the expectation value

f(a )

depends only on the quantum homotopy class of f.
Remark 2.8. It is perhaps useful to tweak the notation as follows. Let O ∈ C be such
thatQO = 0, thenO = f ([O]) up to homotopyQΛ for some Λ∈C . Assume that κ[O] =
4 In our convention, a DG0LA

C ,Q, ( , )

is a differential graded algebra after shifting the ghost num-
ber by−1.
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0. Set O = f([O]) ∈ C [[ħh]] up to quantum homotopy KΛ for some Λ ∈ C [[ħh]]. Then
KO = 0 and 

O

=


O + KΛ

,
since


KΛ

= cKΛ= 0. The variation of theQFT cycle cpreserving its quantumhomo-
topy class correspond to homologous deformation of Lagrangian subspace on where
the BV-Feynman path integral is defined in the BV quantization scheme.
3. Statement of theMain Theorem and Its Consequences
Fix a BV QFT algebra (with unit 1)
 
C [[ħh]],K , ·

with quantum descendant algebra 
C [[ħh]],K , ( , )ħh

and let
 
C ,Q, ·

and
 
C ,Q, ( , )

, respectively, be their classical lim-
its. In this paper we consider the case that (i) the cohomology H is finite-dimensional
for each ghost number and (ii) κ= 0 onH .
From the assumption (i), it is convenient to introduce a homogeneous basis {eα} of
H . Define a |-linear map f :H −→C of ghost number 0 by choosing a representative
Oα of each eα ∈H such that
f (eα) =Oα ∈C
|eα|,
i.e.,QOα = 0 and theQ-cohomology class [Oα]ofOα is eα. ThenQ f = 0. It is convenient
to fix a basis {eα} of H such that one of its component, say e0, is the distinguished
element e ∈H0, i.e.,
f (e0) =O0 = 1.
It follows that f is a quasi-isomorphism of cochain complexes f : (H ,0) −→ (C ,Q),
which induces the identitymaponH . The graded-commutative and associative prod-
uct m2 : H ⊗H −→ H of ghost number 0 on H can be specified structure constants
mαβ γ ∈ |:
m2(eα,eβ ) =mαβ
γeγ.
satisfying
– graded symmetry:mαβ γ = (−1)|α||β |mβαγ,
– associativity:mαβρmργσ =mβγρmαρσ,
– identity:m0β γ = δβ γ.
At the cochain level, we have
f (eα) · f (eβ ) = f (m2(eα,eβ ))+Kλ2(eα,eβ ), (3.1)
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where λ2 :H⊗H −→C is a |-bilinear map of ghost number 1. That is, f is a DGAmap
f : (H ,0,m2)−→ (C ,Q, · ) up to homotopy.
Let tH = {t α} be the dual basis of H ∗ such that |t α|+ |eα|= 0, which is an affine coor-
dinates system on H with a distinguished coordinate t 0. We denote {∂α = ∂ /∂ t α} be
the corresponding formal partial derivatives acting on |[[tH ]] as derivations. To save
notation we replace (−1)|eα| = (−1)−|tα | = (−1)|Oα | = (−1)|O |α by (−1)|α|. We shall also use
notation t α¯ for (−1)|α|t α and ∂α¯ = ∂ /∂ t α¯.
From the assumption (ii) and theorem 2.1, we have a sequence f= f +ħh f (1)+ · · · of |-
linear maps on H intoC , parametrized by ħh, of ghost number zero such that Kf= 0.
The image of eα ∈H of the map f will be denoted by Oα:
f(eα) = Oα =Oα+ħhO
(1)
α +ħh
2O (2)α + · · · ∈ C [[ħh]]
|eα|
such that KOα = 0 and
f(e0) = O0 = 1.
Weuse the following terminology:Oα is a classical representative of the observable eα,
Oα is a quantum representative of the observable eα,Oα is the classical limit Oα

ħh=0
of Oα, and Oα is the quantization ofOα with respect to the quantization map f.
Theorem 3.1. There is the structureof |[[tH ]]-algebraonH⊗|[[tH ]]definedby a formal
power series 3-tensor Aβγσ ∈ |[[tH ]], which satisfies
– graded symmetricity:
Aβγ
σ = (−1)|β ||γ|Aγβ
σ,
∂αAβγ
σ = (−1)|α||β |∂βAαγ
σ,
– associativity:
Aαβ
ρAργ
σ = Aβγ
ρAαρ
σ.
– identity:
A0β
γ = δβ
γ,
– The homogeneity:
|eρ |t
ρ∂ρAαβ
γ =

|eγ| − |eβ | − |eα|

Aαβ
γ.
And, there is a distinguished solutionΘ of the Maurer-Cartan equation
KΘ+
1
2
 
Θ,Θ

ħh = 0,
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where
Θ= t αOα+
∞∑
n=2
1
n !
t αn · · · t α1Oα1 ···αn ∈C [[tH ,ħh]]
0,
which satisfies
1. quantummaster equation:
ħh∂β∂γΘ= ∂βΘ · ∂γΘ−Aβγ
σ∂σΘ− KΛβγ−

Θ,Λβγ

ħh
,
for some Λβγ ∈C [[tH ,ħh]]|β |+|γ|−1 in quantum gauge.
2. quantumunity: ∂0Θ= 1.
Remark 3.1. The quantum gauge condition for Λαβ shall be stated later.
Remark 3.2. The Maurer-Cartan equation KΘ + 1
2
 
Θ,Θ

ħh = 0 is called quantum de-
scendant equation, which is an automatic consequence of the quantummaster equa-
tion.We remark that the quantumdescendant equation is theBatalin-Vilkovisky quan-
tummaster equation for a family of QFT.
The quantum master equation together with the unity should be regraded as a sys-
tem of formal differential equations for Θ ∈ C [[tH ,ħh]]0, Aαβ γ ∈ |[[tH ]] and Λαβ ∈
C [[tH ,ħh]]|α|+|β |−1 with the initial condition thatΘ= t αf(eα)mod t 2H , where f(eα) = Oα
and f(e0) = 1. The theoremclaims that the only obstruction to solve the quantummas-
ter equationwith theunity isκ= ħhκ(1)+ħh2κ(2)+· · · onH , which vanishes in the present
case.
This is illustrated for the 1st order solution in the following example.
Example 3.1. To begin with, consider the quantummaster equationmodulo tH :
ħhOαβ = Oα · Oβ −mαβ
γOγ− Kλαβ (3.2)
where Oαβ = ∂α∂βΘmod tH , mαβ γ = Aαβ γ mod tH and λαβ = Λαβ mod tH are un-
knowns. Then we have the following consistency conditions for (3.2):
(1) classical limit:
Oα ·Oβ =mαβ
γOγ+Qλαβ ,
(2) graded commutativity of the product ·:
mαβ
γ− (−1)|α||β |mβα
γ

Oγ =−Q

λαβ − (−1)
|α||β |λβα

,
Algebraic Principles of Quantum Field Theory II 19
(3) unity:
Oβ =m0β
γOγ+Qλ0β , Oα =mα0
γOγ+Qλα0.
For (1), we note thatOα ·Oβ ∈KerQ sinceQOα = 0 andQ is a derivation of the product.
Hence Oα ·Oβ can be expressed as mαβ γOγ +Qλαβ for unique mαβ γ and for some
λαβ ∈C |α|+|β |−1 modulo KerQ. From (2) and (3), we conclude that
mαβ
γ− (−1)|α||β |mβα
γ = 0, m0β
γ =δβ
γ,
as well asQ

λαβ − (−1)|α||β |λβα

= 0 andQλ0β =Qλα0 = 0. For λαβ , we may choose
them, without loss of generality, to be graded-symmetric, λαβ = (−1)|α||β |λβα, and sat-
isfy λ0α = 0. Let λαβ = λαβ such that
λαβ = (−1)
|α||β |λβα, λ0β = 0. (3.3)
Then the expression Lαβ = Oα·Oβ−mαβ γOγ−Kλαβ is divisible by ħh and graded sym-
metric. It also satisfies that L 0β = Lα0 = 0. Oncewe define Oαβ :=
1
ħh
Lαβ ∈C [[ħh]]|α|+|β |,
Oαβ is graded symmetric Oαβ = (−1)|α|||β |Oβα and satisfies O0β = 0. Hence we have
just solved the modulo tH quantum master equation (3.2) by setting Θ = t αOα +
1
2
t β t αOαβ mod t
3
H ,Aαβ
γ =mαβ γ mod tH andΛαβ =λαβ mod tH such that the quan-
tum identity modulo t 2H is satisfied:
∂0Θ= 1mod t
2
H ,
and
Aαβ
γ− (−1)|α||β |Aβα
γ = 0mod tH .
For the quantum descendent equation, apply K to the modulo tH quantum master
equation (3.2) to have KOαβ =−ħh(−1)|α|
 
Oα,Oβ

ħh , which implies, together with the
initial condition KOα = 0, that
KΘ+
1
2
 
Θ,Θ

ħh = 0mod t
3
H .
Hence we have the quantum descendent equation modulo t 3H .
The above, perhaps, is not enough as the example for demonstration of our method
of solving quantummaster equation modulo t nH for general n ≥ 2. Here comes a step
by step description of our solutionmodulo t 2H featuring general behavior for higher n .
Most of necessary propositions shall be stated as claims, referring to the actual proof
in Sect. 4. The following example is useful for pedagogical purpose but some readers
may want to skip it in the first reading.
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Example 3.2. Now we consider the quantummaster equationmodulo t 2H , which is eq.
(3.2) and
ħhOαβγ = Cαβγ−mαβγ
ρOρ − Kλαβγ, (3.4)
where Oαβγ = ∂α∂β∂γΘmod tH , mαβγρ , and λαβγ are unknowns, while the expres-
sion Cαβγ is determined by the previous data Oα,Oαβ ,mαβ γ,λαβ as follows:
Cαβγ := Oαβ · Oγ+(−1)
|α||β |Oβ · Oαγ−mβγ
ρOαρ −
 
Oα,λβγ

ħh .
The consistency of (3.4) in the classical limit requires that the classical limit Cαβγ of
Cαβγ satisfiesQCαβγ = 0 (see claim (1) below) such that
Cαβγ =mαβγ
ρOρ +Qλαβγ (3.5)
for uniquemαβγρ and some λαβγ ∈C |α|+|β |+|γ|−1 definedmodulo KerQ. Note also that
C0βγ = Cα0γ = Cαβ0 = 0, Cαβγ = (−1)
|β ||γ|Cαγβ .
Hence, we have
m0βγ
ρOρ +Qλ0βγ =mα0γ
ρOρ +Qλα0γ =mαβ0
ρOρ +Qλαβ0 = 0,
mαβγ
ρ − (−1)|β ||γ|mαγβ
ρ

Oρ =−Q

λαβγ
ρ − (−1)|β ||γ|λαγβ

.
(3.6)
Another consistency condition is that the RHS of (3.4) should be graded symmetric
for the all 3 indices α,β ,γ since Oαβγ has such property.
We claim that
Claim (1). KCαβγ = ħhFαβγ, where
Fαβγ :=−(−1)
|α|
¦
(Oα,Oβγ)ħh +(−1)
|β |(Oαβ ,Oγ)ħh − (−1)
(|α|+1)(|β |+1)(Oβ ,Oαγ)ħh
©
,
so thatQCαβγ = 0.
Claim (2). KNαβγ +

mβγρmαρσ− (−1)|α||β |mαγρmβρσ

Oσ =−ħhC [αβ ]γ, where
C [αβ ]γ :=Cαβγ− (−1)
|α||β |Cβαγ,
Nαβγ :=mβγ
ρλαρ − (−1)
αβmαγ
ρλβρ +(−1)
αOα ·λβγ− (−1)
αβ+β Oβ ·λαγ.
From the classical limitQNαβγ+

mβγρmαρσ − (−1)|α||β |mαγρmβρσ

Oσ = 0 of claim
(2) we conclude that
mβγ
ρmαρ
σ− (−1)|α||β |mαγ
ρmβρ
σ = 0.
Hence claim (2) reduce to
KNαβγ =−ħhC [αβ ]γ.
Actually we have a stronger result:
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Claim (3). There exist some ξαβγ ∈C [[ħh]]|α|+|β |+|γ|−1 satisfying C [αβ ]γ = Kξαβγ and
ξ0βγ = ξα0γ = ξαβ0 = 0,
ξαβγ+(−1)
|α||β |ξβαγ = 0,
ξαβγ− (−1)
|β ||γ|ξαγβ +(−1)
|α|(|β |+|γ|)ξβγα = 0,
such that the classical limit ξαβγ of ξαβγ is
ξαβγ = λαβγ− (−1)
|α||β |λβαγ.
From the above claim we have

mαβγρ − (−1)|α||β |mβαγρ

Oρ = 0. Hence, together
with (3.6) we deduce that
mαβγ
ρ = (−1)|a ||β |mβαγ
ρ = (−1)|β ||γ|mαγβ , m0βγ
ρ = 0
and
λαβγ = (−1)
|β ||γ|λαγβ , λ0βγ = λα0γ =λαβ0 = 0.
From claim (3), the expression ξαβγ −

λαβγ− (−1)|α||β |λβαγ

is divisible by ħh so that
we can defineηαβγ ∈C [[ħh]]|α|+|β |+|γ|−1 by the formula
ħhηαβγ := ξαβγ−

λαβγ− (−1)
|α||β |λβαγ

.
Define
λαβγ :=λαβγ−
ħh
3

ηαβγ+(−1)
|β ||γ|ηαγβ

,
such that λαβγ

ħh=0
=λαβγ. Then, from claim (3), we obtain that
λ0βγ =λα0γ =λαβ0 = 0,
λαβγ− (−1)
|β ||γ|λαγβ = 0,
λαβγ− (−1)
|α||β |λβαγ = ξαβγ.
(3.7)
We refer the above choice for λαβγ together with the previous choice (3.3) for λαβ
"quantum gauge" (see the forthcoming remark).
Now consider the expression Lαβγ := Cαβγ −mαβγρO − Kλαβγ. Then (i) Lαβγ is di-
visible by ħh, (ii) Lαβγ is graded symmetric for the all 3 indices α,β ,γ, (iii) Lαβ0 = 0.
Hence we can define Oαβγ :=
1
ħh
Lαβγ, i.e.,
ħhOαβγ = Cαβγ−mαβγ
ρO − Kλαβγ,
such that Oαβγ = (−1)|α||β |Oβαγ = (−1)|β ||γ|Oαγβ and Oαβ0 = 0. From claim (1), it also
follows that
KOαβγ =−(−1)
|α|
¦ 
Oα,Oβγ

ħh +(−1)
|β | Oαβ ,Oγħh − (−1)(|α|+1)(|β |+1) Oβ ,Oαγħh© .
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Let
Θ := t α+
1
2
t β t αOαβ +
1
3!
t γt β t αOαβγ mod t
4
H ,
Aβγ
γ :=mβγ
ρ + t αmαβγ
ρ mod t 2H ,
Λβγ :=λαβ + t
α¯λαβγ mod t
2
H .
Then we just have solved the quantummaster equation modulo t 2H :
ħh∂β∂γΘ= ∂βΘ · ∂γΘγ−Aβγ
ρOρ + KΛαβγ+

Θ,Λαβγ

ħh
mod t 3H ,
such that
∂0Θ= 1mod t
3
H ,
KΘ+
1
2
 
Θ,Θ

ħh = 0mod t
4
H .
and
Aβγ
ρ − (−1)|β ||γ|Aγβ
ρ = 0mod t 2H ,
∂αAβγ
ρ − (−1)|α||β |∂βAαγ
ρ = 0mod tH ,
Aβγ
σAaσ
ρ − (−1)|α||β |Aαγ
σAbσ
ρ = 0mod tH .
Remark 3.3. The choice (3.3) we have made for Λαβ = λαβ mod tH and the choices
(3.3) and (3.7) for Λβγ = λβγ + t α¯λαβγ mod tH are what we call "quantum gauge". In
this paper the quantum gauge is merely a convenient choice of Λαβ in solving quan-
tummaster equation and its fullmeaning is the subject of the next paper in this series.
To explain the quantum gauge in more details, let’s sketch a proof of claim (3) in ex-
ample 3.2. Consider the expression Nαβγ in claim (2). We note that
N0βγ = Nα0γ = Nαβ0 = 0,
Nαβγ+(−1)
|α||β |Nβαγ = 0,
Nαβγ− (−1)
|β ||γ|Nαγβ +(−1)
|α|(|β |+|γ|)Nβγα = 0.
(3.8)
As a corollary of claim (2) we have obtained that KNαβγ = −ħhM [αβ ]γ, which implies
thatQNαβγ = 0, whereNαβγ is the classical limit of Nαβγ given by
Nαβγ :=mβγ
ρλαρ − (−1)
αβmαγ
ρλβρ +(−1)
αOα ·λβγ− (−1)
αβ+βOβ ·λαγ.
Hence we have
Nαβγ =nαβγ
ρOγ+Qxαβγ, (3.9)
for unique nαβγρ ∈ | and some xαβγ ∈C |α|+|β |+|γ|−2 defined modulo KerQ. From (3.8)
we deduce that
n0βγ =nα0γ = nαβ0 = 0,
nαβγ+(−1)
|α||β |nβαγ = 0,
nαβγ− (−1)
|β ||γ|nαγβ +(−1)
|α|(|β |+|γ|)nβγα = 0,
Algebraic Principles of Quantum Field Theory II 23
and we can make a choice for xαβγ such that
x0βγ = xα0γ = xαβ0 = 0,
xαβγ+(−1)
|α||β |xβαγ = 0,
xαβγ− (−1)
|β ||γ|xαγβ +(−1)
|α|(|β |+|γ|)xβγα = 0.
From (3.9), we deduce that the expression Nαβγ−nαβγρOγ− Kxαβγ is divisible by ħh,
so that we define ξαβγ ∈C [[ħh]]|α|+|β |+|γ|−1 by the formula
ħhξαβγ := Nαβγ−nαβγ
ρOγ− Kxαβγ,
and all the properties of ξαβγ listed in claim (3) follows. Then, from the 3rd relation in
(3.7), we have ħh

λαβγ− (−1)|α||β |λβαγ

= Nαβγ − nαβγρOγ − Kxαβγ. More explicitly,
we have
ħh

λαβγ− (−1)
|α||β |λβαγ

=mβγ
ρλαρ − (−1)
αβmαγ
ρλβρ
+(−1)αOα ·λβγ− (−1)
αβ+β Oβ ·λαγ
−nαβγ
ρOγ− Kxαβγ.
Now consider the definition Λβγ = λαβ + t α¯λαβγ mod t 2H . Then quantum gauge con-
ditions (3.3) and (3.7) are summarized as follows
Λβ0 =0mod t
2
H ,
Λα2α1 =(−1)
|α2 ||α1 |Λα1α2 mod t
2
H ,
∂α¯Λβγ =0mod tH ,
ħh

∂α¯Λβγ− (−1)
|α||β |∂β¯Λαγ

=−Aβγ
ρΛαρ +(−1)
|α||β |Aαγ
ρΛβρ
− (−1)|α|∂αΘ ·Λβγ+(−1)
|α||β |+|β |∂βΘ ·Λαγ
− Bαβγ
ρ∂ρΘ− KXαβγ−
 
Θ,Xαβγ

ħh
mod tH ,
where Bαβγρ = nαβγρ mod tH and Xαβγ = xαβγ mod tH . In general we are going to
solve the quantummaster equation with quantum gauge choice for Λαβ , which is the
above condition without modulo t 2H or tH .
Remark 3.4. We note that there is some ambiguity in solutions for Θ and Λαβ . There
are two sources of ambiguity. With the fixed initial condition Θ = t αf(eα)mod tH ,
namely the quantizationmap f,λαβ =Λαβ mod tH is not uniquely determined,which
effects Oαβ in Θ= t αOα+
1
2
t β t αOαβ mod t
2
H etc. Wemay also vary the initial condi-
tion within the same quantum homotopy class f∼ f′ = f+ Ks such that f′(e0) = f(e0) =
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1. Hence the above theoremdoes not necessarily imply that the 3-tensor Aαβ γ is inde-
pendent of those ambiguities. We claim, however, that every possible ambiguity does
not effect the the 3-tensorAαβ γ: this claim implies that quantumcorrelation functions
are quantumhomotopy invariants. We shall need to introduce notion of quantumde-
scendant homotopy, which deserves a separate consideration to appear elsewhere, to
establish the above claim.
Remark 3.5. Consider the coefficients of expansion of Aαβ γ at tH = 0:
Aαβ
γ =mαβ
σ+
∑
ρ
t ρmραβ
σ+
1
2!
∑
ρ1,ρ2
t ρ2t ρ1mρ1ρ2αβ
γ+ · · ·
The two conditions for graded symmetry of Aαβ γ, then, imply that mα1 ···αn
γ is to-
tally graded symmetric for all the lower indices for all n = 2,3, · · ·. Hence there is a
sequence m2,m3,m4, · · · of graded symmetric products of ghost number zero on H ,
mn : SnH → H , such that mn (eα1 , · · · ,eαn ) =mα1 ···αn
γ. The identity A0β γ = δβ γ imply
thatm2(e0,eα) = eα andmn (e0,eα2 , · · · ,eαn−1 ) = 0 for all n = 3,4,5, · · ·. A similar struc-
ture onH was discussed in section 4 of the previous paper [1]with a different presen-
tation of quantum master equation. Once the claim in remark 3.4 is established it is
trivial to show that those two structures is identical. Whatwas not clear in the previous
paper is the associativity (an easy part of proof in this paper) of the Aαβ γ summariz-
ing an infinite sequence of relations among the sequencem2,m3,m4, · · · ofmultilinear
products. The solution in the pervious paper is suffice to determine quantum correla-
tion functions. The new solution in this paper with quantum gauge is a preparation to
define and study homotopy quantum correlation functions in the forthcoming paper.
3.1. Quantum coordinates and linear pencil of torsion-free flat connection onM .
One of the immediate consequence of ourmain result is that that the classical limit Θ
of Θ, i.e., Θ=Θ|ħh=0:
Θ = t αOα+
∞∑
n=2
1
n !
t αn · · · t α1Oα1 ···αn ∈C [[tH ]]
0,
where Oα1 ···αn = Oα1 ···αn

t=0
, is a distinguished versal solution to the Maurer-Cartan
equation of the classical limit
 
C ,Q, ( , )

of the quantum descendant DG0LA:
QΘ+
1
2
(Θ,Θ) = 0. (3.10)
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– It is a versal solution since the cohomology classes of {Oα} form a basis of H - the
cohomology of the complex (C ,Q). It follows that the natural extended moduli
space M of solutions modulo the natural equivalence is smooth - minimal L∞-
structure on H is trivial and is quasi-isomorphic to the DG0LA
 
C ,Q, (•,•)

as an
L∞-algebra. (See [14] for a comprehensive and lucid introduction of L∞-algebra
andmorphism and references therein.)
– It is a distinguished solution since not every versal solution of (3.10) arises as the
classical limit of solution of quantummaster equation, i.e., the special solution to
thequantumdescendant equation. Equivalently it is a distinguished quasi-isomorphism
of L∞-algebras.
Any versal solution to (3.10) identifyM with the affine spaceH with the affine coordi-
nates tH = {t α} and give a coordinates system onM . We call the coordinates system
onM induced by the distinguished solution Θ quantum coordinates onM (around
the base point ofM ). To the tangent space toM , our distinguished solution induces
a linear pencil of connection∇ħh =−ħhd+A, where d := dt α
∂
∂ t α
and {A}β γ := dt αAαβ γ,
which is torsion-free, Aβγσ = (−1)|β ||γ|Aγβσ, and flat∇
2
ħh = 0:
dAβ
γ = Aβ
ρAρ
γ = 0,
by combining the graded symmetricity and the associativity relation.
Remark 3.6. The MC equation (3.10) implies thatQΘ :=Q + (Θ, ) satisfiesQ
2
Θ = 0, the
Jacobi-identity for the bracket ( , ) implies thatQΘ is a derivation of the bracket. Thus
we have a distinguished family
 
C [[tH ]],QΘ, ( , )

of DGLAs . Furthermore the super-
Poisson law implies thatQΘ is a derivation of the product. Thus the quadruple 
C [[tH ]],QΘ, · , ( , )

is a differential 0-algebra. Applying ∂
∂ t α
to theMC equation (3.10), we obtain that
QΘα+(Θ,Θα) = 0 ⇐⇒ QΘΘα = 0.
whereΘα := ∂αΘα. In Appendix B, we shall establish that {Θα} is a set of representative
of a basis of the cohomology H of the cochain complex (C [[tH ]],QΘ) such that
Θα ·Θβ = Aαβ
γΘγ+QΘΛαβ , (3.11)
for unique 3-tensor Aαβ γ in |[[tH ]] and for some Λαβ ∈ (C [[tH ]])
|α|+|β |−1, which is de-
fined modulo Ker QΘ. Then, the graded commutativity and the associativity of the
product · imply thatH is a super-commutative and associative |[[tH ]]-algebrawith the
structure "constants" Aαβ γ, that is, Aαβ γ = (−1)|α||β |Aβαγ and Aαβ ρAργσ =AβγρAαρσ.
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Note that (3.11) is the classical limit of the quantum master equation. Forgotten its
quantum origin the potentiality ∂αAβγσ− (−1)|α||β |∂βAαγσ = 0 is obscured.
Remark 3.7. Note that we can repeat the similar story as the above remark for an ar-
bitrary versal solution Θ′ = t αO ′α +
1
2
t β t αO ′αβ + · · · to (3.10) such that {O
′
α} is an an-
other set of representative of the same basis {eα} of the cohomology H . Then the re-
sult proved in Appendix B does not necessarily imply that we have the same 3-tensor
Aαβ γ. It only implies that there is unique 3-tensor A
′
αβ
γ with respect to the solution Θ′
such that
Θ′α ·Θ
′
β = A
′
αβ
γΘ′γ+QΘΛ
′
αβ , (3.12)
for some Λ′αβ ∈ (C [[tH ]])
|α|+|β |−1, which is defined modulo KerQΘ′ . The only relation
between Aαβ γ and A
′
αβ
γ is that A ′
αβ
γ = Aαβ γ = mαβ γ mod tH . It can be, actually,
shown that the difference between Aαβ γ and A
′
αβ
g in higher order is arbitrary (see
the next remark). Note also that the associativity and the commutativity of the prod-
uct · do imply that A ′αβ
γ = (−1)|α||β |A ′βα
γ and A ′αβ
ρA ′ργ
σ = A ′βγ
ρA ′αρ
σ, while there is
absolutely no reason to expect that ∂αA
′
βγ
σ− (−1)|α||β |∂βA ′αγ
σ = 0.
Remark 3.8. Here is a brief comparison: Modulo tH , (3.12) is
O ′α ·O
′
β =m
′
αβ
γO ′γ+Qλ
′
αβ (3.13)
where λ′αβ is defined modulo ξ
′
αβ satisfyingQξ
′
αβ = 0. Modulo t
2
H , (3.12) is the above
equation together with the following
O ′αβ ·O
′
γ+(−1)
|α||β |O ′α ·O
′
βγ−m
′
βγ
ρO ′αρ − (O
′
α,λ
′
βγ) =m
′
αβγ
σO ′σ+Qλ
′
αβγ (3.14)
where λ′αβγ is defined modulo ξ
′
αβγ satisfyingQξ
′
αβγ + (−1)
|α|
 
O ′α,ξ
′
βγ

= 0. Then the
only content of proposition B.1 to this order is that the cohomology class of the LHSof
(3.14), thus the structure constantm ′αβγ
σ, does not depend on the ambiguity of λ′αβ .
Now we compare (3.11) with (3.12) for the leading two terms. In general O ′α differs
fromOα at most byQλα for some λα ∈C |α|−1. It follows that [O ′α ·O
′
β ] = [Oα ·Oβ ] such
thatmαβ γ =m
′
αβ
γ. For simplicity setO ′α =Oα. Let, for example,O
′
αβ
=Oαβ +bαβγOγ,
where {b
γ
αβ
} is arbitrary. ThenΘ′ = t αOα+
1
2
t β t αO ′
αβ
mod t 3H solves theMC equation
(3.10) modulo t 3H since Θ = t
αO ′α +
1
2
t β t αOαβ mod t
3
H does. On the other hand, the
LHS of (3.14) is
O ′αβ ·O
′
γ+(−1)O
′
α ·O
′
βγ−m
′
βγ
ρO ′αρ − (O
′
α,λ
′
βγ)
=Cαβγ+

bαβ
ρmργ
σ(−1)|α||β |bβγ
ρmαρ
σ−mβγ
ρbαρ
σ

Oσ mod ImQ,
whereCαβγ =Oαβ ·Oγ+(−1)Oα ·Oβγ−mβγρOαρ−(Oα,λβγ) such that the word-length 2
in tH term of (3.11) isCαβγ =mαβγσOσ+Qλαβγ. Hence the difference betweenmαβγσ
andm ′
αβγ
σ is arbitrary.
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3.2. Quantum coordinates and generating function of quantum correlations for the
family
Consider the solution Θ= t αOα+
1
2
t β t αOαβ + · · · of quantummaster equation, which
implies that Θ also solve the quantum descendant equation KΘ+ 1
2
 
Θ,Θ

ħh = 0. Note
that quantum descendant equation is equivalent to
Ke−Θ/ħh = 0, (3.15)
due to the identity ħh2eΘ/ħhKe−Θ/ħh = KΘ+ 1
2
 
Θ,Θ

ħh . DefineΠα1 ···αn ∈C [[tH ,ħh]]
|α1|+···+|αn |
for ∀n = 1,2, · · · by the formula
Πα1 ···αn = (−ħh)
n∂α1 · · ·∂αn e
−Θ/ħh . (3.16)
Then quantum descendant equation (3.15) implies that
KΘΠα1···αn = 0, (3.17)
due to the identity that−ħheΘ/ħhK

Y e−Θ/ħh

= KΘ Y for any Y ∈C [[tH ,ħh]]:
K

Y · e−Θ/ħh

= e−Θ/ħh

K Y +(Θ, Y

ħh

+(−1)|Y |Y · Ke−Θ/ħh
= e−Θ/ħh

K Y +(Θ, Y

ħh

,
where we used the definition of (2.1) for the first equality and the quantum descen-
dant equation for the second equality. We also have Π0 = 1 and Π0α1 ···αn = Πα1 ···αn for
all ∀n ≥ 1, due to the quantum identity ∂0Θ= 1.
We callΠα1 ···αn quantum n-point correlators of the family (of BV QFT parametrized by
M in quantum coordinates). Note that
Πα =∂αΘ,
Παβ =∂αΘ · ∂βΘ−ħh∂α∂βΘ,
Παβγ =∂αΘ · ∂βΘ · ∂γΘ−ħh∂α∂βΘ · ∂γΘ−ħh∂αΘ · ∂β∂γΘ−ħh(−1)
|α||β |∂βΘ · ∂α∂γΘ
+ħh2∂α∂β∂γΘ,
etc.
We recall, from [1], that a solution Θ of the quantum master equation was used to
define generation function of quantumcorrelators of the initial theory by the formula
e−Θ/ħh = 1+
∞∑
n=1
1
n !
(−1)n
ħhn
Θn = 1+
∞∑
n=1
(−1)n
ħhn
Ωn ∈C [[tH ]]((ħh))
0, (3.18)
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where the sequence Ω1,Ω2, · · · is defined bymatching the word-lengths in tH . Then Ωn
generates n-point quantum correlators of the initial theory:
Ωn =
1
n !
t αn · · · t α1piα1···αn where piα1···αn ∈C [[ħh]]
|α1|+···+|αn |,
such that Kpiα1 ···αn = 0 and piα1···αn

ħh=0
=Oα1 · · ·Oαn . We observe, from the definition
in (3.16), that
piα1 ···αn =Πα1 ···αn

tH=0
. (3.19)
Fix a QFT cycle c of dimension N and denote c(a) = 〈a〉. The generating functional
Z (tH ) of quantum correlation functions of the initial theory was defined by the for-
mula
Z =
¬
e−Θ/ħh
¶
:=< 1>+
∞∑
n=1
(−1)n
ħhn
〈Ωn 〉
=< 1>+
∞∑
n=1
1
n !
(−1)n
ħhn
t αn · · · t α1


piα1···αn
 (3.20)
such that an arbitrary n-point correlation function


piα1···αn

is obtained as follows:

piα1 ···αn

≡ (−ħh)n∂α1 · · ·∂αnZ (tH )

t=0
∈ |[[ħh]].
Remark thatZ is a formal power series in tH and formal Laurent series in ħh.
Now we introduce the notion of quantum correlation function for the family. We use
the notation


Y

tH
for any Y ∈C [[tH ,ħh]] such that


Y

tH
=
¬
Y · e−Θ/ħh
¶
:= 〈Y 〉+
∞∑
n=1
(−1)n
ħhn
〈Y ·Ωn 〉 .
Remark that


Y

tH
is a formal Laurent series ħh, while


Y

tH=0
=


Y

is a formal power
series ħh. Then


KΘΞ

tH
= 0 for all Ξ∈C [[tH ,ħh]] since
¬
KΘΞ · e
−Θ/ħh
¶
≡
¬
K

Ξ · e−Θ/ħh
¶
:=


KΞ

+
∞∑
n=1
(−1)n
ħhn


K (Ξ ·Ωn )

= 0.
We define n-point quantum correlation functions in the family by


Πα1 ···αn

tH
for all
n = 1,2,3, · · ·. Then we deduce that

Πα1 ···αn

tH
≡ (−ħh)n∂α1 · · ·∂αnZ ∈ |[[tH ]]((ħh)).
and 

Πα1···αn

tH=0
=


piα1 ···αn

. (3.21)
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Note that the quantummaster equation
ħh∂β∂γΘ= ∂βΘ · ∂γΘ−Aβγ
σ∂σΘ− KΛβγ−

Θ,Λβγ

ħh
,
is equivalent to Παβ =Aαβ γΠγ+ KΘΛαβ , so that

Παβ

tH
= Aαβ
γ
ΠγtH , (3.22)
which relates quantum 2-point functions to quantum 1-point correlation functions
both in the family. For higher correlations, it is useful to consider the following form
of the quantummaster equation:
ħh2∂β∂γ+ħhAβγ
ρ∂ρ

e−Θ/ħh = K

Λαβ e
−Θ/ħh

, (3.23)
since
LHS :

ħh2∂β∂γ+ħhAβγ
ρ∂ρ

e−Θ/ħh = e−Θ/ħh

∂βΘ · ∂γΘ−ħh∂β∂γΘ−Aβγ
ρ∂γΘ

,
RHS : K

Λαβ e
−Θ/ħh

= e−Θ/ħh

KΛαβ +
 
Θ,Λβγ

ħh

.
Similarly, the quantum identity ∂0Θ= 1 is equivalent to
−ħh∂0e
−Θ/ħh = e−Θ/ħh . (3.24)
Note the relations (3.23) and (3.24) after using
¬
K

Λαβ e−Θ/ħh
¶
= 0 imply that
Lemma 3.1. The generating function Z ∈ |[[tH ]]((ħh)) satisfies the following system of
differential equations: 
ħh
∂ 2
∂ t α∂ t β
+Aαβ
γ ∂
∂ t γ

Z = 0,
ħh
∂
∂ t 0
+ 1

Z = 0,
|eα|t
α ∂
∂ t α
−N

Z = 0,
where N is the dimension of QFT cycle.
Proof. The first two relations are consequences of (3.23) and (3.24), respectively. The
last relation is a direct consequence of 〈Y 〉 = 0 for all Y ∈ C [[ħh]] with ghost number
not equals toN . Consider the definitionZ in (3.20):
Z =
¬
e−Θ/ħh
¶
=< 1>+
∞∑
n=1
1
n !
(−1)n
ħhn
∑
α1,...,αn
t αn · · · t α1


piα1···αn

,
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where we temporarily abandon Einstein summation convention. Then the relation
follows from the identity
∑
α
|eα|t
α ∂
∂ t α
 
t αn · · · t α1


piα1···αn

=
 
n∑
i=1
|eαi |
!
t αn · · · t α1


piα1···αn

and the condition that
t αn · · · t α1


piα1 ···αn

= 0
for |piα1 ···αn | ≡−
∑n
i=1 |t
αi | ≡
∑n
i=1 |eαi | 6=N .
⊓⊔
Let {Pα1α2
γ, Pα1α2α3
γ, · · ·} be the set of infinite sequences in |[[tH ,ħh]] defined recur-
sively with the initial condition Pα1α2
γ = Aα1α2
γ and, for n = 3,4, . . .,
Pα1α2 ···αn
γ =−ħh∂α1Pα2 ···αn
γ+ Pα2 ···αn
ρAα1ρ
γ.
We note that Pα1α2 ···αn
γ is at most of degree (n −2) polynomial in ħh with coefficient in
|[[tH ]]. Note also that P0β γ =δβ γ and P0α1α2 ···αn
γ = Pα1α2 ···αn
γ for ∀n ≥ 2. Then
Lemma 3.2. Any n-point quantum correlation function


Πα1···αn

tH
, for n = 2,3, . . ., for
the family is given by the following formula

Πα1···αn

tH
= Pα1 ···αn
γ
¬
Πγ
¶
tH
.
Proof. From the quantummaster equation in the form of (3.23):
ħh2∂β∂γe
−Θ/ħh =−ħhAβγ
ρ∂ρe
−Θ/ħh + K

Λβγ · e
−Θ/ħh

.. (3.25)
as a direct consequence of the quantummaster equation. Applying −ħh∂α to the both
hand sides of (3.25), and using (3.25) one more time, we obtain that
−ħh3∂α∂β∂γe
−Θ/ħh =

−ħh∂αAβγ
σ+Aβγ
ρAαρ
σ

Θσ · e
−Θ/ħh
+ K

Xαβγ · e
−Θ/ħh

,
(3.26)
where
Xαβγ =−ħh(−1)
|a |∂αΛβγ+(−1)
|a |Θα ·Λβγ+Aβγ
ρ Xαρ .
In general we deduce that, for n = 3,4, . . .,
(−ħh)n∂α1∂α2 · · ·∂αn e
−Θ/ħh = Pα1α2 ···αn
σΘσ · e
−Θ/ħh + K

Xα1α2 ···αn · e
−Θ/ħh

, (3.27)
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where
Pα1α2···αn
σ =−ħh∂αPα2 ···αn
σ+ Pα2 ···αn
ρAα1ρ
σ,
Xα1α2 ···αn = ħh(−1)
|α1 |∂α1 Xα2 ···αn +(−1)
|α1 |Θα1 · Xα2 ···αn + Pα2 ···αn
ρ Xα1ρ
with the initial conditions Pα1α2
γ =Aα1α2
γ andXα1α2 =Λα1α2 . From (3.16), the relation
(3.27) is equivalent to
Πα1 ···αn
ρ = Pα1 ···αn
γΠγ+ KΘ Xα1 ···αn , (3.28)
which implies our lemma. ⊓⊔
Now set tH = 0 in the identity (3.28) anduse the conditions thatΘ

tH=0
= 0 andΘα

tH=0
=
Oα as well as the relation (3.21) to obtain that
piα1···αn = pα1 ···αn
γOγ+ K xα1···αn (3.29)
where pα1 ···αn
γ := Pα1 ···αn
γ

tH=0
and xα1···αn := Xα1 ···αn

tH=0
. Note that pα1 ···αn
γ ∈ |[[ħh]] is
at most of degree (n − 2) polynomial in ħh with coefficients in |. Hence we have

piα1···αn

= pα1 ···αn
γ
¬
Oγ
¶
.
which implies that the set {Aαβ γ} can be used to determine the generating function
Z completely once we fix every 1-point correlation function 〈Oα〉.
Example 3.3. The first few quantum correlators are
piα :=Oα,
piα1α2 :=Oα1Oα2 −ħhOα1α2 ,
piα1α2α3 =Oα1Oα2Oα3 −ħhOα1α2Oα3 −ħhOα1Oα2α3 −ħh(−1)
|α1 ||α2 |Oα2Oα1α3 +ħh
2Oα1α2α3 ,
and, just for fun,
piα1α2α3α4 = Oα1Oα2Oα3Oα4 −ħhOα1α2Oα3Oα4 −ħhOα1Oα2α3Oα4 −ħhOα1Oα2Oα3α4
−ħh(−1)|α1 ||α2|Oα2Oα1α3Oα4 −ħh(−1)
|α1 |(|α2 |+|α3|)Oα2Oα3Oα1α4 −ħh(−1)
|α2 ||α3 |Oα1Oα3Oα2α4
+ħh2Oα1α2Oα3α4 +ħh
2(−1)|α2 ||α3 |Oα1α3Oα2α4 +ħh
2(−1)|α1 |(|α2 |+|α3 |)Oα2α3Oα1α4
+ħh2Oα1Oα2α3α4 +ħh
2(−1)|α1 ||α2 |Oα2Oα1α3α4 +ħh
2(−1)(|α1 |+|α2 |)|α3 |Oα3Oα1α2α4
+ħh2Oα1α2α3Oα4 −ħh
3Oα1α2α3α4
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etc. Expand Aαβ γ =mαβ γ+ t ρmραβ γ+ . . . we have
pα1α2
γ =mα1α2
γ,
pα1α2α3
γ =mα2α3
ρmα1ρ
γ−ħhmα1α2α3
γ,
pα1α2α3α4
γ =mα3α4
ρmα2ρ
σmα1σ
γ
−ħh

mα1α3α4
ρmα2ρ
γ+mα3α4
ρmα1α2ρ
γ+mα2α3α4
ρmα1ρ
γ

+ħh2mα1α2α3α4
γ,
etc.
Combining (3.18) and (3.29), the expression e−Θ/ħh has the following expansion at tH
e−Θ/ħh = 1−
1
ħh
T
γOγ+
∞∑
n=2
(−1)n
ħhn
Kx[n ] ∈C [[tH ]]((ħh)), (3.30)
where
T
γ := t γ+
∞∑
n=2
1
n !
(−1)n−1
ħhn−1
t αn · · · t α1pα1 ···αn
γ, (3.31)
and x[n ] = 1
n !
t¯ αn · · · t¯ α1xα1···αn
γ. Note that T γ = t γ mod t 2H and a formal power series in
tH and ħh
−1, since pα1 ···αn
γ is at most degree n − 2 polynomial in ħh.
We call {T γ} the quantum coordinates for the family (in formal neighborhood of the
base point o inM ). Note that this notion is independent to QFT cycle.
From (3.30), the generating function Z can be expressed as, with respect to a QFT
cycle,
Z =< 1>−
1
ħh
T
γ
¬
Oγ
¶
. (3.32)
Applying −ħh∂β to (3.32), we have −ħh∂βZ = ∂βT
γ
¬
Oγ
¶
. Combing with the relation
that−ħh∂βZ =
¬
Πβ
¶
tH
we obtain a crucial formula:¬
Πβ
¶
tH
=
∂ T γ
∂ t β
¬
Oγ
¶
, (3.33)
which relates the set of expectation value of observables of the theory at the basepoint
M with set of expectation value of observables of theory at a general point in M .
From the definition of


Πα1...αn

tH
the following relation is obvious

Πα1...αn

tH
= (−ħh)n−1
∂ nT γ
∂ t α1 . . .∂ t αn
¬
Oγ
¶
. (3.34)
Thus the equation (3.33) determine every correlation function of the family of the the-
ory. In particular, the relation
¬
Παβ
¶
tH
= ħh∂α∂βTγ
¬
Oρ
¶
after combined with (3.22)
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and (3.33) implies that

ħh∂α∂β +Aαβρ∂ρ

T
γ
¬
Oγ
¶
= 0. Actually we have a better re-
sult than that:
Lemma 3.3. Each T γ, which is in |[[tH ,ħh
−1]], satisfies the following system of formal
differential equations
(1)

ħh ∂
2
∂ t α∂ t β
+Aαβρ
∂
∂ t ρ

T
γ = 0,
(2)

ħh ∂
∂ t 0
+ 1

T
γ = ħhδ0γ,
(3)

|eα|t α
∂
∂ t α
− |eγ|

T
γ = 0.
Proof.
(1) From (3.30), the quantummaster equation (3.23) implies that
ħh∂α∂β +Aαβ
ρ∂ρ

T
γOγ = KXαβ
for some Xαβ ∈ C [[tH ]]((ħh))|α|+|β |−1. Consider the above identity modulo t
n+1
H and
multiply ħhn−1:
ħhn−1

ħh∂α∂β +Aαβ
ρ∂ρ

T
γOγ = ħh
n−1KXαβ mod t
n+1
H . (3.35)
Thenbothħhn−1

ħh∂α∂β +Aαβρ∂ρ

T
γ mod t n+1H andħh
n−1
Xαβ havenonegative power
in ħh. Now consider corollary 2.2, which state that "if f(x) = Kλ for some x ∈H [[ħh]] and
λ∈C [[ħh]], then x= 0 and Kλ= 0". With our basis {eα} ofH , any x ∈H [[ħh]] can be ex-
pressed as x= bγeγ for some set {bγ}, where bγ ∈ |[[ħh]]. Hence f(x) = bγf

eγ

= bγOγ
by our convention. Consequently the equality bγOγ = Kλ implies that bγeγ = 0,
which is equivalent to b (ℓ)γeγ = 0 for all ℓ = 0,1,2, . . .. It follows that bγ = 0 for ∀γ.
The above quoted corollary is also valid for x ∈ H [[tH ,ħh]] and λ ∈ C [[tH ,ħh]]. Hence,
from (3.35), we conclude that ħhn−1

ħh∂α∂β +Aαβρ∂ρ

T
γ = 0mod t n+1H , which im-
plies that

ħh∂α∂β +Aαβρ∂ρ

T
γ = 0mod t n+1H . Then take n → ∞ limit to conclude
that

ħh∂α∂β +Aαβρ∂ρ

T
γ = 0.
(2) The result follows from the quantum unity ∂0Θ= 1, hence−ħh∂0e−Θ/ħh = e−Θ/ħh , and
(3.30) after adopting the similar argument as in (1).
(3) The result follows from (3.30) by matching the ghost number: |T ρ | = −|eγ| since
e−Θ/ħh has ghost number 0 and |Oγ|= |eγ|.
⊓⊔
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Define
G β
γ :=
∂ T γ
∂ t β
=δβ
γ−
1
ħh
t αmαβ
γ+ · · ·
and let G denote thematrix over formal power series ring |[[tH ,ħh
−1]]with G β γ its βγ
entry.
Lemma 3.4. The matrixG is invertible and satisfies
(1) dG−1 ∧dG = 0,
(2) ∂0G =−
1
ħh
G ,
(3) |eρ |t ρ∂ρG β γ =

|eγ| − |eβ |

G β
γ.
Proof. The matrixG is invertible since its constant part is the identity matrix.
(1) From property (1) in lemma 3.3, we have ħh∂αG β γ+AαβρGργ = 0. It follows that
Aαβ
γ =−ħh∂αG β
ρ
G
−1
ρ
γ = ħhG
−1ρ
β ∂αGρ
γ ∈ |[[tH ]].
Let A denote matrix valued 1-form which βγ entry is Aβ γ = dt αAαβ γ. Then
A = ħhG−1dG ,
and the both conditions dA =A2 = 0 reduce to dG−1 ∧dG = 0.
(2) From property (2) in lemma 3.3, we have ħh∂0G β γ+G β γ = 0, which is equivalent to
property (2).
(3) From property (3) in lemma 3.3, we have |eρ |t ρGργ−|eγ|T
γ = 0. Applying ∂β to the
relation we obtain that

|eσ|t σ∂σ− (|eγ| − |eβ |)

G β
γ = 0. ⊓⊔
Corollary 3.1. Let Aαβ γ := −ħh∂αG βρG
−1
ρ
γ. Then the 3-tensor Aαβ γ is in formal power
series of tH independent to ħh and satisfies
Aαβ
γ = (−1)|α||β |Aβα
γ,
∂αAβγ
ρ = (−1)|α||β |∂βAαγ
ρ ,
Aαβ
σAσγ
γ = Aβγ
σAασ
ρ ,
A0β
γ = δβ
γ,
|eρ |t
ρ∂ρAαβ
γ = (|eγ| − |eβ | − |eα|)Aαβ
γ.
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3.2.1. Free energy as generating function of morphism of QFT algebra. This subsec-
tion is about some preliminary understanding of underlying algebraic structures of
QFT as is uncovered by this paper. We consider an unital BV QFT, whose partition
function is normalizable to 1. We shall see that the free energy is another avatar of the
notion of QFT algebra morphism.
Consider a BV QFT with QFT cycle c : C → |[[ħh]] and suppose that |c| = 0, and the
partition function c(f(e0)) = c(1) = 〈1〉 is normalizable to 1. We define free energy F as
follows:
e−F/ħh = 1−
1
ħh
T
γá¬Oγ¶, (3.36)
whereà〈Oα〉 ∈ |[[ħh]] is normalized expectation value. Note that F tH=0 = 0. Applying
−ħh∂γ to (3.36), we have
−ħh∂γe
−F/ħh = ∂γF · e
−F/ħh = ∂γT
σá¬Oγ¶=à¬Πγ¶tH .
It follows that
ϕα := ∂αF

tH=0
=à〈Oα〉 ∈ |[[ħh]].
Applying ħh2∂β∂β to (3.36) and using the above, we also have
(−ħh)2∂β∂γe
−F/ħh =

−ħh∂β∂γF + ∂βF · ∂γF

e−F/ħh
= Aβγ
σß〈Πσ〉tH
= Aβγ
σ∂σF · e
−F/ħh .
(3.37)
Hence we obtain the following system of differential equations:
ħh∂α∂β F = ∂αF · ∂β F −Aαβ
γ∂γF ,
∂0F = 1,
(3.38)
which should be compared with the quantummaster equation with unity:
ħh∂α∂βΘ= ∂αΘ · ∂βΘ−Aαβ
γ∂γΘ− KΛαβ −

Θ,Λαβ

ħh
,
∂0Θ= 1.
(3.39)
The |[[tH ]]-algebra onH ⊗|[[tH ]] defined by the set {Aαβγ} in our main theorem can
be, using the graded symmetry, identified with a sequences m =m2,m3, · · · of multi-
linear mapsmn :SnH −→H , of ghost number 0, defined by
mn (ea 1 , . . . ,eαn ) =mα1 ···αn
γeγ.
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for n = 2,3, . . ., where SnH denote the graded symmetric products ofH and
Aαβ
γ =mαβ
γ+
∞∑
ℓ=1
1
ℓ!
t ρℓ · · · t ρ1mρ1 ···ρℓαβ
γ.
The sequence of m = m2,m3, . . . of multi-linear maps satisfy the infinite set of rela-
tions summarized by the relation AαβρAργσ =AβγρAαρσ. From these data we build a
triple  
H [[ħh]],0,m

,
wheremn is understood to be extended by ħh-adic continuity to a |[[ħh]]-multi-linear
map mn : Sn (H [[ħh]]) −→ H [[ħh]]. We call the above triple a structure of on-shell QFT
algebra5 with zero differential onH with trivial quantum descendant algebra: 
H [[ħh]],0

.
Recall that Oα is the image of eα under the quantization map
f :H −→C [[ħh]],
which is a morphism of QFT complexes (H [[ħh]],0) −→ (C [[ħh]],K), i.e., Kf = 0 and
f(eα) = Oα and KOα = 0. Now, we like to interpret f as a quasi-isomorphism from
the on-shell QFT algebra
 
H [[ħh]],0,m

to the BV QFT algebra (C [[ħh]],K , · ) as QFT
algebra up to homotopy.6
For the above purpose, consider the the quantum master equation (3.39), a solution
to which Θ= t αOα+
1
2
t β t αOαβ + · · · shall be relabeled as follows
Θ= t αφ1(eα)+
1
2!
t β t αφ2(eα,eβ )+
∞∑
n=3
1
n !
t αn · · · t α1φn (eα1 , . . . ,eαn ), (3.40)
where φ1 = f and φn (eα1 , . . . ,eαn ) = Oα1 ···αn such that φn = φn + ħhφ
(1) + ħhφ
(2)
n + · · · is
interpreted as a sequence of |-multilinear maps, parametrized by ħh , on SnH into C
with ghost number 0. We also denote Λαβ =
∑∞
n=2
1
n !
t α¯n · · · t α¯1λn (eα1 , . . . ,eαn ), where
t α¯ := (−1)|a |t α, such that λn = λn + ħhλ(1) + ħhλ
(2)
n + · · · is interpreted as a sequence of
|-multilinear maps, parametrized by ħh , on SnH into C with ghost number −1. Then
5 This is just a special class of on-shell QFT algebra and general definition of on shell QFT algebra will
be give in the 4-th paper in this series.
6 Wedidn’t define general QFT algebra and itsmorphism, so the above statement is not valid asmath-
ematical notion yet. But the whole purpose of this series of papers is to reach to the "correct" definition
of QFT algebra and its morphism, which contains all relevant physical information.
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the equation (3.39) implies that f induces the sequence φ = φ1,φ2,φ3, · · · of |[[ħh]]-
multilinear as follows:
ħhφ2(eα,eβ ) =φ1(eα) ·φ1(eβ )−φ1(m2(eα,eβ ))− Kλ2(eα,eβ ),
ħhφ3(eα,eβ ,eγ) =φ2(eα,eβ ) ·φ1(eγ)+ (−1)
|eα||eβ |φ1(eβ ) ·φ2(eα,eγ)
−φ2(eα,m2(eβ ,eγ))−φ1(m3(eα,eβ ,eγ))
− Kλ3(eα,eβ ,eγ)−

φ1(eα),λ2(eβ ,eγ)

ħh
,
...
(3.41)
Wenote that the sequence φ =φ1,φ2,φ3, . . . is determined by f, the product · inC and
m =m2,m3, . . . in H up to homotopy. In particular ħhφ2 measures the failure of f=φ1
be an algebra map
 
H [[ħh]],m2

→
 
C [[ħh]], ·

up to homotopy. In other words, the
first condition for the morphism f of QFT complex being a morphism of QFT algebra
is that the failure of f from being an algebra map (H [[ħh]],m2) −→ (C [[ħh]], · ) up to
homotopymust be divisible by ħh. Similarly, the quantummaster equation governs an
elaborate sequence of divisibility conditions by ħhn of fwith respect to the product · in
C [[ħh]] andm =m2,m3, . . . inH [[ħh]] up to homotopy.
We now recall that the (3.40) also solves quantum descendant equation:
KΘ+
1
2
(Θ,Θ)ħh = 0,
as an automatic consequence of quantum master equation. This means that the se-
quence φ = φ1,φ2,φ3, . . . is a distinguished L∞-morphism from the trivial quantum
descendant algebra
 
H [[ħh]],0

to the quantum descendant DGLA
 
C [[ħh]],K , ( , )ħh

at
the chain level, both regarded as L∞-algebras. So we call φ = (φ1,φ2,φ3, . . .) quantum
descendant morphism, or descendant morphism of quantum descendant algebra. It
should be clear that not every morphism from (H [[ħh]],0) to
 
C [[ħh]],K , ( , )ħh

as L∞-
algebra over |[[ħh]] is quantum descendant morphism.
It also follows that the classical limit φ = φ1,φ2,φ3, · · · of φ = φ1,φ2,φ3, · · · is a dis-
tinguished L∞-quasi-isomorphism from H to C . Thus the moduli spaceM defined
by theMC equation of the DGLA
 
C ,Q, ( , )

is smooth-formal. It should be clear that
not every L∞ quasi-isomorphism from H toC is the classical limit of a quantum de-
scendant morphism. Equivalently, not every versal solution to the MC equation of
the DGLA (C ,Q, ( , )) is originated from solution to the quantummaster equation. We
have called the versal solution obtained from the classical limit of quantum descen-
dant of morphism of QFT algebra the quantum coordinates onM .
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Nowwe turn to the similar interpretation of the free energy F . From (3.38), we deduce
that
ħhϕαβ =ϕα ·ϕβ −mαβ
σϕσ, (3.42)
where ϕαβ := ∂α∂βF

tH=0
and · now denotes the multiplication of the ground field |.
The above equation is to be comparedwith the first relation in (3.41). We can interpret
ϕα as the image of eα ∈ H be a map ϕ1 : H → |[[ħh]], i.e., ϕ1(eα) = ϕα, defined as
ϕ1 =eι=ec◦ f, where ec denote the normalized QFT cycle such that ec(1) = 1. Then (3.42)
can be viewed as the definition of ϕ2(eα,eβ ) =ϕαβ :
ħhϕ2(eα,eβ ) :=ϕ1(eα) ·ϕ1(eβ )−ϕ1(m2(eα,eβ )), (3.43)
which measures the failure of ϕ1 =eι being an algebra map (H [[ħh]],m2)→ (|[[ħh]], · ).
In general, we have the following infinite sequence of relations (compare with (3.41))
ħhϕ2(ea ,eb ) =ϕ1(eα) ·ϕ1(eβ )−ϕ1(m2(eα,eβ )),
ħhϕ3(eα,eβ ,eγ) =ϕ2(eα,eβ ) ·ϕ1(eγ)+ (−1)
|eα||eβ |ϕ1(eβ ) ·ϕ2(eα,eγ)
−ϕ2(eα,m2(eβ ,eγ))−ϕ1(m3(eα,eβ ,eγ)),
...
(3.44)
which is formal power series expansion of the differential relations (3.38) at tH = 0
such that ∂α1 · · ·∂αn F

tH=0
=ϕn (eα1 , · · · ,eαn ), i.e., the formal expansion of F at tH is
F = t αϕ1(eα)+
1
2!
t β t αϕ2(eα,eβ )+
∞∑
n=3
1
n !
t αn · · · t α1ϕn (eα1 , . . . ,eαn ).
Note that the resulting recursive relations for the sequence ϕ = ϕ1,ϕ2, . . . are to be
regarded as definitions of ϕn by eι = ϕ1, and m = m2,m3, . . . in H and the ordinary
multiplication of the ground field |.
Now we can interpret the map eι : H [[ħh]] → |[[ħh]] as a morphism of QFT algebra
from the QFT algebra
 
H [[ħh]],0,m

with zero differential to the trivial QFT algebra
(|[[ħh]],0, ·)with zero differential. Both the QFT algebras have trivial quantum descen-
dant algebra and the sequence ϕ = ϕ1,ϕ2, . . . is the quantum descendant morphism -
a distinguished morphism onH [[ħh]] into |[[ħh]] as L∞-algebras over |[[ħh]].
The moral of the above story is that we have a confirmation of our metaphor that
quantum field theory is a study of morphisms of QFT algebras, which contains rather
complete information on quantum correlation functions.
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4. QFT Integral and QuantumWDVV Equation
In this section we consider a class of BV QFT with an additional datum called a QFT
integral. A QFT integral and QFT cycle have the same classical property and could be
viewed as two different ways of quantization of classical cycle. A QFT integral is re-
sponsible for formal Frobenius manifold structure on moduli space in semi-classical
case and gives certain quantum version of it in general.
4.1. QFT Integral
Webegin with defining QFT integral and discuss motivations behind the notion after-
ward.
Definition 4.1. A QFT integral
∮
of dimension N in BV QFT algebra is a sequence of
|-linear maps onC into |, parametrized by ħh,∮
=
∫
+ħh
∫ (1)
+ħh2
∫ (2)
+ · · · :C → |[[ħh]],
of ghost number−N satisfying∮
Ka ·b =−(−1)|a|
∮
a · Kb ,
for ∀a ,b ∈C .
Remark 4.1. Note that QFT integral
∮
also define a |[[ħh]]-linear map on C [[ħh]] into
|[[ħh]] such that
∮
Ka ·b=−(−1)|a|
∮
a · Kb for ∀a,b ∈C [[ħh]].
Corollary 4.1. A sequence
∮
of |-linear maps on C into | parametrized by ħh is a QFT
integral if and only if, for ∀a ,b ∈C , ∮
Ka = 0,∮
(a ,b )ħh = 0,
or equivalently
∮
Ka=
∮
(a,b

ħh = 0 for ∀a,b ∈C [[ħh]].
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Proof. Set b = 1 in definition 4.1 and use the property that 1 is a center of the bracket
to see that
∮
Ka = 0 for ∀a ∈C . Applying
∮
to the identity
K (a ·b ) = Ka ·b +(−1)|a|a · Kb −ħh(−1)|a|
 
a ,b

ħh , (4.1)
we have
0=
∮
Ka ·b +(−1)|a |
∫
a · Kb =
∮
K (a ·b ) +ħh(−1)|a |
∮  
a ,b

ħh .
It follows that
∮
(a ,b

ħh = 0 for ∀a ,b ∈C since
∮
K(a ·b ) = 0. Conversely assume that∮
Ka =
∮
(a ,b )ħh = 0 for ∀αβ . Then the identity (4.1) implies that
∮
Ka ·b+(−1)|a |
∫
a ·
Kb = 0. ⊓⊔
The above corollary implies that aQFT integral is automatically aQFT cycle, i.e.,
∮
K =
0. But the converse is not true in general and QFT integral has the additional property
that
∮
(a ,b )ħh = 0. A BV QFT algebra with a QFT integral also defines a BV QFT, since a
QFT integral is a QFT cycle. In general we tend to regard a QFT integral an additional
structure to a BV QFT.
Now consider the leading two relations for a QFT integral:∫
Qa ·b +(−1)|a |
∫
a ·Qb = 0.∫
K (1)a ·b +(−1)|a |
∫
a ·K (1)b =−
∫ (1)
Qa ·b − (−1)|a |
∫ (1)
a ·Qb.
(4.2)
We recall that the classical limit of BV QFT algebra
 
C [[ħh]],K , ·

is a CDGA
 
C ,Q, ·

.
Then the 1st condition (4.2) means that the classical limit
∫
of
∮
is a cycle of the CDGA 
C ,Q, ·

, i.e.,
∫
C → | and
∫
Q = 0. The condition
∫
Q = 0 is equivalent the first
condition in (4.2), sinceQ(a ·b ) =Qa ·b +(−1)|a |a ·Qb . The classical limit c(0) of a QFT
cycle c = c(0) + ħhc(1) + · · · also has the same property, while c
 
(a ,b )ħh

6= 0 in general.
We may view QFT cycle and QFT integral as two different ways of quantizing cycle of
CDGA.
The classical limit
∫
of aQFT integral
∮
induces a unique graded symmetric |-bilinear
pairing 〈 , 〉 : H i ⊗HN−i → | on the cohomology H of the cochain complex
 
C ,Q

defined by, for x ,y ∈H , 

x ,y

:=
∫
f (x ) · f (y ).
The paring is a homotopy invariant sinceQ is a derivation of the product ·. We recall
that there is a unique graded commutative and associative productm2 : H ⊗H → H
onH . Then
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Lemma 4.1. The triple
 
H ,m2,〈 , 〉

is a graded commutative Frobenius algebra, i.e.,
m2 is a graded commutative and associative product and

x ,y

= (−1)|x ||y |


y ,x

,


x ,m2
 
y ,z

=


m2
 
x ,y

,z

Proof. The graded commutativity of


,

follows from the graded commutativity of
the product · onC . Recall that that a |-linear way of choosing representative of every
element in H is a cochain map f : (H ,0)→ (C ,Q), which induces the identity map on
H and is a morphism of CDGA f :
 
H ,0,m2

→
 
C ,Q, ·

up to homotopy: for ∀x ,y ∈
H , f (x )· f (y )− f
 
m2(x ,y )

=Qλ2(x ,y ) such that f (x ) ∈KerQ∩C and [ f (x )] = x . Then,
by definition, 

x ,m2
 
y ,z

:=
∫
f (x ) · f
 
m2(y ,z )

=
∫
f (x ) ·

f (y ) · f (z )−Qλ2(y ,z )

=
∫
f (x ) ·
 
f (y ) · f (z )

,
where we have used
∫
(KerQ) · ImQ = 0 for the last equality. By the similar manipula-
tion we have 

m2
 
x ,y

,z

:=
∫
f
 
m2(x ,y )

· f
 
z

=
∫  
f (x ) · f (y )

· f (z ).
Hence

x ,m2
 
y ,z

−


m2
 
x ,y

,z

=
∫ 
f (x ) ·
 
f (y ) · f (z )

−
 
f (x ) · f (y )

· f (z )

= 0,
as is claimed. ⊓⊔
Remark 4.2. The relation
D
x ,m2
 
y ,z
E
=
D
m2
 
x ,y

,z
E
together with the commuta-
tivity ofm2 is equivalent to the following relations
– left-invariance: D
x ,m2
 
y ,z
E
= (−1)|x ||y |
D
y ,m2
 
x ,z
E
,
– right-invariance: D
m2
 
x ,y

,z
E
= (−1)|y ||z |
D
m2
 
x ,z

,y
E
,
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as well as to
– left-cyclic: D
x ,m2
 
y ,z
E
= (−1)|x |(|y |+|z |)
D
y ,m2
 
z ,x
E
,
– right-cyclic: D
m2
 
x ,y

,z
E
= (−1)(|x |+|y |)|z |
D
m2
 
z ,x

,y
E
,
Now we consider the quantum extension map f = f + ħh f (1) + · · · : H → C [[ħh]] such
that Kf = fκ. We may want to quantize the |-bilinear pairing 〈 , 〉 : H i ⊗HN−i → | to
certain well-defined sequence 〈 , 〉ħh = 〈 , 〉+ħh 〈 , 〉
(1)+ħh2 〈 , 〉(1) · · · of |-bilinear parings
parametrized by ħh. It is natural to try

x ,y

ħh?=
∫
f(x ) · f(y ),
which does not works, in general, since it depends on quantum homotopy. The first
obstruction is κ, which is assumed to vanish in this paper. Hence Kf= 0 and an arbi-
trary quantum extension map f′ homotopic to f is given by f′ = f+ Ks. Then
f′(x ) · f′(y )− f(x ) · f(y ) =f(x ) · Ks(y )+ Ks(x ) · f(y )+ Ks(x ) · Ks(y )
=(−1)|x |K
 
f(x ) · s(y )

+ K
 
s(x ) · f′(y )

+ħh
 
f(x ),s(y )

ħh +ħh(−1)
|x |−1  s(x ), f′(y )
ħh .
The above computation implies that the integral
∫
must be quantized to a QFT inte-
gral
∮
=
∫
+ħh
∫ (1)
+ · · · such that
∫
f(x ) · f(y ) is quantum homotopy invariant.
Remark 4.3. In some case
∫
, satisfying
∫
Qa ·b = −(−1)|a |
∫
a ·Qb , may be itself be a
QFT integral. We call such a QFT integral
∫
≡
∮
semi-classical and note that it has to
satisfy ∫
K (n )a ·b =−(−1)|a |
∫
a ·K (n )b ,
for all n = 1,2,3, · · ·. By the way the confusing expression that "something is semi-
classical" really means that “something classical which is also quantum by itself”.
Definition 4.2. (Lemma) Let
∮
be a QFT integral of an anomaly-free BV QFT algebra,
that is κ = 0 on H. Then there is a sequence of 〈 , 〉ħh = 〈 , 〉+ ħh 〈 , 〉
(1) + ħh2 〈 , 〉(1) · · · of
|-bilinear parings parametrized by ħh, 〈 , 〉ħh :H ⊗H→ |[[ħh]], defined by

x ,y

ħh =
∮
f(x ) · f(y ),
which is a quantum homotopy invariant.
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Definition 4.3. A QFT integral
∮
is called non-degenerate if the |-bilinear pairing on
the cohomology H defined by its classical limit
∫
is non-degenerate.
Proposition 4.1.


x ,m2(y ,z )

ħh −


m2(x ,y ),z

ħh =−ħh
∮
φ1(x ) ·φ2(y ,z )−φ2(x ,y ) ·φ1(z ),


x ,m2
 
y ,z

ħh − (−1)
|x ||y |
D
y ,m2
 
x ,z

ħh =−ħh
∮
φ1(x ) ·φ2(y ,z )− (−1)
|x ||y |φ1(y ) ·φ2(x ,z ),


m2
 
x ,y

,z

ħh − (−1)
|y ||z |
m2 x ,z,y ħh =−ħh ∮ φ2(x ,y ) ·φ1(z )− (−1)|y ||z |φ2(x ,z ) ·φ1(y ).
Proof. Consider the relation
ħhφ2(x ,y ) = f(x ) · f(y )− f
 
m2(x ,y )

− Kλ2(x ,y ).
Then, by definition, we have
D
x ,m2
 
y ,z
E
ħh
:=
∮
f(x ) · f
 
m2(y ,z )

=
∮
f(x ) ·

f(y ) · f(z )− Kλ2(y ,z )−ħhφ2(y ,z )

=
∮
f(x ) ·
 
f(y ) · f(z )

−ħh
∮
φ1(x ) ·φ2(y ,z )
where we have used
∮
Ker K · Im K = 0 for the last equality. After the similar manipu-
lation we also obtain that


m2
 
x ,y

,z

ħh :=
∮
f
 
m2(x ,y )

· f(z )
=
∮  
f(x ) · f(y )

· f(z )−ħh
∮
φ2(x ,y ) ·φ1(z ).
Now the associativity of the product · inC implies that
D
x ,m2
 
y ,z
E
ħh
−
D
m2
 
x ,y

,z
E
ħh
=−ħh
∮ 
φ1(x ) ·φ2(y ,z )−φ2(x ,y ) ·φ1(z )

.
The remaining two relations can be proved similarly. ⊓⊔.
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Definition 4.4. (Lemma) Let
∮
be a QFT integral of an anomaly-free BV QFT alge-
bra, that is κ = 0 on H. Then there is a sequence 〈∗,∗,∗〉ħh = 〈∗,∗,∗〉 + ħh 〈∗,∗,∗〉
(1) +
ħh2 〈∗,∗,∗〉(2) · · · of |-trilinear parings parametrized by ħh:
〈∗,∗,∗〉ħh :H ⊗H ⊗H→ |[[ħh]],
which is a quantum homotopy invariant, where


x ,y ,z

ħh :=
∮ 
φ2(x ,y ) ·φ1(z )+ (−1)
|x ||y |φ1(y ) ·φ2(x ,z )

.
such that
(1)


x ,y ,z

ħh = (−1)
|y ||z |


x ,z ,y

ħh ,
(2)


e ,y ,z

ħh = 0,
(3)
D
x ,m2(y ,z )
E
ħh
−
D
m2(x ,y ),z
E
ħh
= ħh


x ,y ,z

ħh − (−1)
|x ||z |+|y ||z |


z ,x ,y

ħh

(4)
D
x ,m2(y ,z )
E
ħh
− (−1)|x ||y |
D
y ,m2(x ,z )
E
ħh
= ħh


x ,y ,z

ħh − (−1)
|x ||y |


y ,x ,z

ħh

(5)
D
m2(x ,y ),z )
E
ħh
−(−1)|y ||z |
D
m2(x ,z ),y
E
ħh
= ħh

(−1)|x ||z |+|y ||z |


z ,x ,y

ħh−(−1)
|x ||y |


y ,x ,z

ħh

Proof. Exercise.
Wemay go on to define higher pairings and examine their properties. Instead we look
for generating formula using the solution Θ of quantum master equation in the case
that H is finite dimensional for each ghost number. Let {eα} be the basis of H intro-
duced in the beginning of section 3. Then


eα,eβ

ħh =
∮
Oα · Oβ ,


eα,eβ ,eγ

ħh =
∮ 
Oαβ · Oγ+(−1)
|α||β |Oβ · Oαγ

.
Define
gβγ :=
∮
∂βΘ · ∂γΘ
=
∮
Oα · Oβ + t
α
∮ 
Oαβ · Oγ+(−1)
|α||β |Oβ · Oαγ

+ · · ·
such that
gβγ =


eβ ,eγ

ħh + t
α
eα,eβ ,eγħh + · · · .
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We then define n-nary pairing onH⊗n into |[[ħh]] by

eα1 ,eα2 , · · · ,eαn−2 ,eβ ,eγ

ħh := ∂α1∂α2 · · ·∂αn−2gβγ

tH=0
.
Proposition 4.2. Let gβγ :=
∮
∂βΘ · ∂γΘ ∈ |[[tH ]][[ħh]]. Then, the following relations are
satisfied:
(1) gβγ = (−1)|β ||γ|gγβ ,
(2) ∂0gβγ = 0,
(3) ħh

∂αgβγ− (−1)|α||β |∂βgαγ

=Aβγρgαρ − (−1)|α||β |Aαγρgβρ ,
(4) ∂αgβ0− (−1)|α||β |∂βgα0 = 0.
Proof. The 1st property is obvious. The 2nd property follows from the quantum unity
that ∂0Θ = 1, which implies that ∂0∂αΘ = 0. For the 3rd property, use the quantum
master equation ∂βΘ · ∂γΘ= ħh∂β∂γΘ+Aβγρ∂ρΘ+ KΘΛβγ, which implies that
gβγ =ħh
∮
∂β∂γΘ+Aβγ
ρ
∮
∂ρΘ.+
∮
KΛβγ+
∮  
Θ,Λβγ

ħh
=ħh
∮
∂β∂γΘ+Aβγ
ρ
∮
∂ρΘ.
Applying ħh∂α to the above we have
ħh∂αgβγ =ħh
2
∮
∂α∂β∂γΘ+ħh∂αAβγ
ρ
∮
∂ρΘ+ħhAβγ
ρ
∮
∂α∂ρΘ
=ħh2
∮
∂α∂β∂γΘ+ħh∂αAβγ
ρ
∮
∂ρΘ−Aβγ
ρAαρ
σ
∮
∂σΘ
+Aβγ
ρgαρ .
Then the 3rd proposition follows from the potentiality and the associativity of Aαβ γ.
For the 4th property, set γ= 0 to relation (3) and use Aβ0ρ =δβ γ. ⊓⊔
4.2. WDVV equation as a semi-classical phenomena
We call a solution Θ to the quantummaster equation semi-classical if Θ does not de-
pend on ħh, i.e., Θ = Θ. Then the quantum master equation is decomposed into the
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following form
Θα ·Θβ =Aαβ
γΘγ+QΛ
(0)
αβ
+

Θ,Λ
(0)
αβ
(0)
,
Θαβ =−K
(1)Λ
(0)
αβ
−QΛ
(1)
αβ
−

Θ,Λ
(1)
αβ
(0)
−

Θ,Λ
(0)
αβ
(1)
,
0=−
n∑
j=1
K (j )Λ
(n−j )
αβ −QΛ
(n )
αβ −
n∑
j=0

Θ,Λ
(j )
αβ
(n−j )
for n ≥ 2,
(4.3)
where Θα := ∂αΘ and Θαβ := ∂α∂βΘ. The quantum descendant equation is, then, de-
composed as as follows
QΘ+
1
2

Θ,Θ)(0)

= 0,
K (1)Θ+
1
2
(Θ,Θ)(1) = 0,
K (n )Θ+
1
2
(Θ,Θ)(n ) = 0 for n ≥ 2.
(4.4)
We say a BV QFT algebra
 
C [[ħh]],K = Q + ħhK (1) + ħh2K (2) + · · · , ·

is semi-classical
if it admit a semi-classical solution to the quantum master equation. We say a QFT
integral
∮
semi-classical if
∮
=
∫
.
Lemma 4.2. For a semi-classical BV QFT algebra with a semi-classical QFT integral∮
=
∫
, the metric gαβ =
∮
Θα ·Θβ satisfies the following properties
1. it does not depend on ħh: gαβ = gαβ ,
2. it is flat: ∂αgβγ = 0
3. it is compatible with the 3-tensor Aαβ γ: Aαβρgργ =Aβγρgαρ .
Proof. Note that
∮
Qa ·b = −(−1)|a |
∮
a ·Qb and
∮
K (n )a ·b = −(−1)|a |
∮
a · K (n )b for
all a ,b ∈ C and for all n ≥ 1, since
∮
is semiclassical. It also that
∮
( , )(ℓ) = 0 for all
ℓ= 0,1,2, · · · due to corollary 4.1 in the semi-classical case.
1. Property 1 is obvious since both
∮
and Θα do not depend on ħh.
2. By definition, we have
∂αgβγ =
∮
Θαβ ·Θγ+(−1)
|α||β |
∮
Θα ·Θβγ.
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Consider
∮
Θαβ ·Θγ and substitute Θαβ using the quantum master equation (4.3) to
have ∮
Θαβ ·Θγ =−
∮ 
K (1)Λ
(0)
αβ
·Θγ+

Θ,Λ
(0)
αβ
(1)
·Θγ

−
∮ 
QΛ
(1)
αβ
·Θγ+

Θ,Λ
(1)
αβ
(0)
·Θγ

.
Consider two terms in the RHS above separately;
-The 1st term: We have∮
K (1)Λ
(0)
αβ ·Θγ = (−1)
|α|+|β |
∮
Λ
(0)
αβ ·K
(1)Θγ =−(−1)
|α|+|β |
∮
Λ
(0)
αβ ·

Θ,Θγ
(1)
,
where we have used
∮
K (1)a · b = −(−1)|a |
∮
a · K (1)b for the 1st equality (note that
|Λ
(ℓ)
αβ | = |eα|+ |eβ | − 1 for all ℓ = 0,1,2, · · ·) and K
(1)Θγ +
 
Θ,Θγ)(1) = 0, which is a con-
sequence of the quantum descendant equation (4.4), for the 2nd equality. Hence, we
have∮ 
K (1)Λ
(0)
αβ ·Θγ+

Θ,Λ
(0)
αβ
(1)
·Θγ

=
∮ 
−(−1)|α|+|β |Λ
(0)
αβ ·

Θ,Θγ
(1)
+

Θ,Λ
(0)
αβ
(1)
·Θγ

=
∮ 
Θ,Λ
(0)
αβ
·Θγ
(1)
= 0,
where we have used the Poisson-law (2.2) for the 2nd equality and the property that∮
( , )(ℓ) = 0 for the last equality.
-The 2nd term: After the similar manipulations using
∮
Qa ·b = −(−1)|a |
∮
a ·Qb and
QΘγ+
 
Θ,Θγ)(0) = 0, we have∮
QΛ
(1)
αβ ·Θγ = (−1)
|α|+|β |
∮
Λ
(1)
αβ ·QΘγ =−(−1)
|α|+|β |
∮
Λ
(1)
αβ ·

Θ,Θγ
(0)
,
such that∮ 
QΛ
(1)
αβ ·Θγ+

Θ,Λ
(1)
αβ
(0)
·Θγ

=
∮ 
−(−1)|α|+|β |Λ
(1)
αβ ·

Θ,Θγ
(0)
+

Θ,Λ
(1)
αβ
(0)
·Θγ

=
∮ 
Θ,Λ
(1)
αβ
·Θγ
(0)
= 0.
where we have used the Poisson-law (2.2) for the 2nd equality and the property that∮
( , )(ℓ) = 0 for the last equality.
Thus
∮
Θαβ ·Θγ = 0, which also implies that
∮
Θα ·Θβγ = 0. Consequently we have
∂αgβγ = 0.
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(3) From the associativity of the product ·we have∮ 
Θα ·Θβ

·Θγ =
∮
Θα ·

Θβ ·Θγ

. (4.5)
The LHS of the above, after using the quantummaster equation (4.3), becomes∮ 
Θα ·Θβ

·Θγ =
∮
Aαβ
γΘρ ·Θγ+
∮ 
QΛ
(0)
αβ ·Θγ+

Θ,Λ
(0)
αβ
(0)
·Θγ

.
Then the first term gives∮
Aαβ
γΘρ ·Θγ =Aαβ
γ
∮
Θρ ·Θγ = Aαβ
γgργ,
while the second term vanishes, since∮ 
QΛ
(0)
αβ ·Θγ+

Θ,Λ
(0)
αβ
(0)
·Θγ

=
∮ 
(−1)|α|+|β |Λ
(0)
αβ ·QΘγ+

Θ,Λ
(0)
αβ
(0)
·Θγ

=
∮ 
−(−1)|α|+|β |Λ
(0)
αβ
·

Θ,Θγ
(0)
+

Θ,Λ
(0)
αβ
(0)
·Θγ

=
∮ 
Θ,Λ
(0)
αβ ·Θγ
(0)
= 0.
Hence
∮ 
Θα ·Θβ

·Θγ =Aαβ γgργ. The similar computations for the RHS of (4.5) gives∮
Θα ·

Θβ ·Θγ

=Aβγρgαρ . It follows that
Aαβ
γgργ =Aβγ
ρgαρ
as was claimed. ⊓⊔
Corollary 4.2. Let Aαβγ := Aβγρgαρ ∈ |[[tH ]]. Then There exist Φ ∈ |[[tH ]] such that
Aαβγ =
∂ 3Φ
∂ t α∂ t β∂ t γ
,
gβγ =
∂ 3Φ
∂ t 0∂ t β∂ t γ
.
Proof. Standard.
Hence we just have established that a semi-classical BV QFT algebra with a semi-
classical QFT integral induce a structure of Frobenius manifold onM , albeit the flat
metric gαβ may not be invertible. We have invertible metric if the semi-classical QFT
integral is non-degenerate, leading to WDDV equation.
Algebraic Principles of Quantum Field Theory II 49
Example 4.1. Consider a BV QFT algebra (C [[ħh]],K , · ) with the property that K =Q −
ħh∆, i.e., K (1) = −∆ and K (n ) = 0 for all n > 1. Then the quadruples (C ,Q,∆, · ) is a
differential BV algebra. Assume that each cohomology class eα of the complex (C ,Q)
has a representative f ([eα]) = Oα satisfying ∆Oα = 0. Hence f(eα) = f (eα) satisfying
K f = 0. Solving the quantummaster equation order by order in tH , it is obvious that
Θ=Θ. Then the quantummaster equation is decomposed into the following form
Θα ·Θβ =Aαβ
γΘγ+QΛαβ +(Θ,Λαβ ),
−ħhΘαβ =−ħh∆Λαβ
It follows that our special solution Θ has the form
Θ= t αOα+
∞∑
n=2
1
n !
t αn · · · t α1∆λα1 ···αn ,
such that∆Θ =QΘ+(Θ,Θ) = 0. The semi-classical QFT integral
∮
satisfies
∮
Qa ·b =
−(−1)|a |
∮
a ·Qb and
∮
∆a ·b = −(−1)|a |
∮
a ·∆b . Hence corresponds to BK integral.7
The above is exactly the special versal solution in [11] corresponding to the flat coor-
dinates on moduli space.
For some semi-classical BV QFT algebra, a semi-classical QFT integral may plays the
role of QFT cycle. Then
Corollary 4.3. For a BV QFT which underlying BV QFT algebra is semi-classical with
QFT cycle, which is a semi-classical QFT integral, the set of 2-point quantum correla-
tion functions is the flat metric gαβ and the set of 3-point quantum correlation func-
tions is the 3-tensor Aαβγ.
Proof. By the assumption
¬
Παβ
¶
=
∮
Παβ , where Παβ = Θα · Θβ − ħhΘαβ . From the
quantummaster equation (4.3) we have
∮
Θαβ = 0. Hence¬
Παβ
¶
=
∮
Θα ·Θβ = gαβ .
Now consider the 3-point quantum correlators
Παβγ =Θα ·Θβ ·Θγ−ħhΘαβ ·Θγ−ħhΘα ·Θβγ−ħh(−1)
|α||β |Θβ ·Θαγ+ħh
2Θαβγ,
where Θαβγ = ∂αΘβγ. Then¬
Παβγ
¶
=
∮
Θα ·Θβ ·Θγ =Aαβγ,
7 Note that the ghost number for∆ operation is different from the convention in [11].
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since we already have shown that
∮
Θαβ ·Θγ =
∮
Θα ·Θβγ =
∮
Θβ ·Θαγ = 0 while proving
lemma 4.2 and
∮
Θαβγ = ∂α
∮
Θβγ = 0. ⊓⊔.
5. Proof of theMain Theorem
The purpose of this section is to prove the main theorem [theorem 3.1].
LetΘ[1] := t αf(eα) = t αOα such that KΘ[1] = 0, since KOα = 0.We set P(1) =
¦
Θ[1],0,0
©
.
For a natural number n ≥ 2, we shall build an inductive system P(n )
P(1)⊂ P(2)⊂ P(3) · · · ⊂ P(n − 1)⊂ P(n ),
such that n→∞ limit implies theorem 3.1.
5.1. Setting up P(n )
Definition 5.1. P(n ), for a fixed n ≥ 2, is a system consist of
Θ=Θ[1]+Θ[2]+ · · ·+Θ[n ],
Λα2α1 =Λ
[0]
α2α1
+Λ[1]α2α1 + · · ·+Λ
[n−2]
α2α1
,
Aα2α1
γ =A[0]α2α1
γ+A[1]α2α1
γ+ · · ·+A[n−2]α2α1
γ,
where, for 1≤ k ≤n, 0≤ j ≤ n − 2 and 0≤ ℓ≤ n − 3,
Θ[k ] =
1
k !
t α1 · · · t αk Oαk ···α1 where Oαk ···α1 ∈C [[ħh]]
|α1|+···+|αk |,
Λ[j ]α2α1 =
1
j !
t¯ ρ1 · · · t¯ ρjλρj ···ρ1α2α1 where λαk ···α1 ∈C [[ħh]]
|α1|+···+|αj |−1,
A[j ]α2α1
γ =
1
j !
t ρ1 · · · t ρjmρj ···ρ1α2α1
γ where mρj ···ρ1α2α1
γ ∈ |,
which satisfy the following properties:
1. graded commutativity: Aα2α1
γ− (−1)|α2 ||α1 |Aα1α
γ = 0mod t n−1H ,
2. associativity: Aα3α2
ρAρα1
γ−Aα2α1
ρAα3ρ
γ = 0mod t n−1H ,
3. potentiality: ∂α3Aα2α1
γ− (−1)|α3 ||α2 |∂α2Aα3α1
γ = 0mod t n−2H ,
4. unity A0β γ = 1
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5. quantummaster equation:
ħh∂α2∂α1Θ=∂α2Θ · ∂α1Θ−Aα2α1
γ∂γΘ− KΛα2α1 −
 
Θ,Λα2α1

ħh
mod t n−1H ,
6, quantum unity: ∂0Θ= 1mod t
n
H .
7. quantum descendant equation: KΘ+ 1
2
(Θ,Θ)ħh = 0 mod t
n+1
H .
8. quantum gauge: Λα2α1 satisfies
Λα20 =0,
Λα2α1 =(−1)
|α2 ||α1 |Λα1α2 ,
ħh∂α¯Λβγ− (−1)
|α||β |
ħh∂β¯Λαγ =− (−1)
|α3 |∂α3Θ ·Λα2α1 +(−1)
|α3||α2 |+|α2 |∂α2Θ ·Λα3α1
−Aα2α1
ρΛα3ρ +(−1)
|α3 ||α2 |Aα3α1
ρΛα2ρ
− Bα3α2α1
ρ∂ρΘ− KXα3α2α1 −
 
Θ,Xα3α2α1

ħh
mod t n−2H ,
where Bα3α2α1
γ ∈ |[[tH ]]mod t
n−2
H is a certain 4-tensor satisfying
B0α2α1
γ = Bα30α1
γ = Bα3α20
γ = 0mod t n−2H ,
Bα3α2α1
γ+(−1)|α3 ||α2 |Bα2α3α1
γ = 0mod t n−2H ,
Bα3α2α1 − (−1)
|α2 ||α1 |Bα3α1α2 +(−1)
|α3 |(|α2 |+|α1|)Bα2α1α3 = 0mod t
n−2
H ,
and Xα3α2α1 ∈C [[tH ]]
|α3|+|α2|+|α1 |−2 mod t nH satisfying
X0α2α1 =Xα30α1 = Xα3α20 = 0mod t
n−2
H ,
Xα3α2α1 +(−1)
|α3||α2 |Xα3α2α1 = 0mod t
n−2
H ,
Xα3α2α1 − (−1)
|α2 ||α1 |Xα3α1α2 +(−1)
|α3 |(|α2|+|α1 |)Xα2α1α3 = 0mod t
n−2
H ..
Remark that the 4-tensor Bαβγρ does not contribute to P(2).
Note that we have already constructed P(2) as well as a sketch of constructing P(3)
out of P(2) after the statement of theorem 3.1. We shall build P(n+1) out of assumed
P(n ).
Remark 5.1. Thehomogeneity |eρ |t ρ∂ρAαβ γ =

|eγ| − |eβ | − |eα|

Aαβ γ follows from the
quantummaster equation by matching the ghost number.
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5.1.1. Some consequences of P(n ). Assuming P(n ) we examine some of its conse-
quences, which shall be used to build P(n + 1) from P(n ).
It is convenient to introduce the notation that Θα := ∂αΘ and Θβα := ∂βΘα such that
the mod t n−1H quantummaster equation in P(n ) is rewritten as follows
ħhΘα2α1 =Θα2 ·Θα1 −Aα2α1
γΘγ− KΛα2α1 −
 
Θ,Λα2α1

ħh mod t
n−1
H .
Note that Θ0 = 1. Then the classical limit of quantummaster equation in P(n ) is
Θα2 ·Θα1 = Aα2α1
γΘγ+QΛα2α1 −
 
Θ,Λα2α1

mod t n−1H , (5.1)
where Θα1 = Θα1

ħh=0
and Λα2α1 = Λα2α1

ħh=0
. We may also use the following decompo-
sitions
Θα =Θ
[0]
α +Θ
[1]
α + · · ·+Θ
[n−1]
α ,
where Θ[k−1]α = ∂αΘ[k ]. Note that Θ
[0]
α = Oα and t
αΘ[k−1]α = kΘ[k ], since Θ[k ] is a homo-
geneous polynomial in degree k in tH .
Nowwe turn to the quantumdescendant equation in P(n ): KΘ+ 1
2
(Θ,Θ)ħh = 0mod t
n+1
H .
Corollary 5.1. Let KΘ := K + (Θ, )ħh mod t
n+1
H . On any M ∈ C [[tH ,ħh]]]

[[ħh]]mod tmH
for m ≤ n + 1,
K2ΘM = 0mod t
m
H
Proof. Note that KΘM ≡ KM +(Θ,M )ħh mod t
m
H , and
K2ΘM = K
2X + K
 
Θ,M

ħh +(Θ,KM )ħh +
 
Θ, (Θ,M )ħh

ħh mod t
m
H
Using K2 = 0, the property that K is a derivation of the BV bracket and the Jacobi
identity of the BV bracket, we have
K2ΘM =

KΘ+
1
2
 
Θ,Θ

ħh ,M

ħh
mod tmH .
Since KΘ+ 1
2
(Θ,Θ)ħh = 0mod t n+1 andm ≤n + 1, we conclude that
K2ΘM = 0mod t
m
H .
⊓⊔
By applying ∂α1 and ∂α2 successively to the quantum descendant equation, we also
have
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Corollary 5.2. KΘα1 +
 
Θ,Θα1

ħh = 0mod t
n
H .
LetΘ=Θ

ħh=0
and letΘγ =Θγ

ħh=0
. By taking the classical limit of the quantumdescen-
dant equation in P(n ) we have
Corollary 5.3.QΘ+ 1
2
(Θ,Θ) = 0mod t n+1H
By taking the classical limit of corollary 5.1, we have
Corollary 5.4. Let QΘ := Q + (Θ, ) mod t
n+1
H . On any M ∈ C [[tH ]]mod t
m
H for m ≤
n + 1,
Q2ΘM = 0mod t
m
H .
By taking the classical limit of corollary 5.2, we have
Corollary 5.5.QΘγ+

Θ,Θγ

= 0mod t nH
The conditionQΘγ +

Θ,Θγ

= 0mod t nH implies thatQΘγ +

Θ,Θγ

= 0mod t kH for
all 1≤ k ≤ n . In particularQΘγ+

Θ,Θγ

= 0mod t 1H is equivalent toQOγ = 0. By our
assumption theQ-cohomology classes of {Oγ} form a (linearly independent) basis of
H , any homogeneous element X ∈ C [[tH ]]|X | satisfying QX = 0 can be expressed as
X = cγOγ+QY for unique set of constants {cγ} in | and some Y ∈C [[tH ]]|X |−1 defined
modulo Ker Q. Also for any equality in the form QY = cγOγ implies that cγ = 0 for
all γ, since by taking the Q-cohomology class we have cγ[Oγ] ≡ cγeγ = 0 and {eγ}
are linearly independent, as well asQY = 0. We shall establish the similar properties
involvingQ +(Θ, ) and {Θ}α mod t n as consequences of the P(n ).
Proposition 5.1. Any element M ∈C [[tH ]]
|M |
defined modulo tmH for 1≤m ≤ n satis-
fying
QM +(Θ,M ) = 0mod tmH
can be expressed as
M = BγΘγ+QΛ+(Θ,Λ)ħh mod t
m
H
where Bγ ∈ |[[tH ]]mod t
m
H andΛ ∈C [[tH ]]
|M |−1 mod tmH definedmoduloKer (Q +(Θ, )).
Proof. See Appendix B. ⊓⊔
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Corollary 5.6. For any M ∈C [[tH ]]|M | defined modulo t
m
H for 1≤m ≤ n for 1≤m ≤ n
satisfying
QM +(Θ,M ) = 0mod tmH ,
there is a canonical extension to M ∈ C [[tH ,ħh]]|M | mod t
m
H , which is unique up to
ħhIm KΘ, such that M

ħh=0
=M and
KM +(Θ,M )ħh = 0mod t
m
H .
Proof. From proposition 5.1,M can be expressed as
M = BγΘγ+QΛ+(Θ,Λ) mod t
m
H
for unique Bγ ∈ |[tH ]mod t
m
H and some Λ ∈
 
C ⊗|[tH ]
|M |−1
mod tmH defined mod-
ulo Ker (Q +(Θ, )). Let Λ ∈C [[tH ,ħh]]|M |−1 mod tmH such that Λ|ħh=0 =Λ, and let
M = BγΘγ+ KΛ+(Θ,Λ)ħh mod t
m
H ,
Then M

ħh=0
=M and KM +(Θ,M )ħh = 0mod t
m
H , where we have used corollaries 5.1
and 5.2.
⊓⊔
Proposition 5.2. Let m ≤ n. An equality in the following form:
QM +(Θ,M ) =C γΘγ mod t
m
H ,
where M ∈C [[tH ]]|M | and C γ ∈ |[[tH ]]mod t
m
H , implies that
QM +(Θ,M ) =C γ = 0mod tmH .
Proof. See Appendix B. ⊓⊔
Now consider the following two expressions, which are definedmodulo t n−1H and built
from P(n ):
Mα3α2α1 :=Θα3α2 ·Θα1 +(−1)
|α3 ||α2 |Θα2 ·Θα3α1 −Aα2α1
γΘα3γ−
 
Θα3 ,Λα2α1

ħh
mod t n−1H ,
Nα3α2α1 :=−Aα2α1
ρΛα3ρ +(−1)
|α3 ||α2|Aα3α1
ρΛα2ρ
− (−1)|α3 |Θα3 ·Λα2α1 +(−1)
|α3 ||α2 |(−1)|α2 |Θα2 ·Λα3α1
mod t n−1H .
(5.2)
Then,
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Proposition 5.3. The two expressionsMα3α2α1 andNα3α2α1 satisfy
1.Mα3α2α1 = (−1)
|α2 ||α1|Mα3α1α2 mod t
n−1
H ,
2.Mα3α20 =Mα30α1 =M0α2α1 = 0mod t
n−1
H ,
3. Nα3α2α1 =−(−1)
|α3 ||α2 |Nα2α3α1 mod t
n−1
H
4. Nα3α20 =Nα30α1 =N0α2α1 = 0mod t
n−1
H ,
5. Nα3α2α1 − (−1)
|α2 ||α1 |Nα3α1α2 +(−1)
|α3 |(|α2|+|α1 |)Nα2α1α3 = 0mod t
n−1
H ,
6. KNα3α2α1 +
 
Θ,Nα3α2α1

ħh = ħh

Mα3α2α1 − (−1)
|α3 ||α2|Mα2α3α1

≡ ħhM[α3α2]α1 mod t
n−1
H
Proof. In order.
1. It follows from the supercommutativity of the product · and the assumptions that
Θα3α1 = (−1)
|α1 ||α3 |Θα1α3 mod t
n−1
H , Aα2α1
γ = (−1)|α2 ||α1 |Aα1α2 mod t
n−1
H and Λα2α1 =
(−1)|α2 ||α1|Λα1α2 mod t
n−1
H in P(n ).
2. It follows from the definition of Mα3α2α1 in (5.2) together with the assumptions that
Θβ0 = Θ0β = 0mod t
n−1
H , Θ0 = 1mod t
n−1
H , Aβ0
γ = A0β γ = δβ γ mod t
n−1
H and Λβ0 =
0mod t n−1H in P(n ).
3. It is trivial by definition.
4. This can be checked using the assumptions that Θ0 = 1mod t
n−1
H , Aβ0
γ = A0β γ =
δβ γ mod t
n−1
H , Λβα = (−1)
|β ||α|Λαβ mod t
n−1
H and Λβ0 = 0mod t
n−1
H in P(n ).
5. This follows directly after comparison using Aα2α1
γ = (−1)|α2 ||α1|Aα1α2 mod t
n−1
H and
Λα2α1 = (−1)
|α2 ||α1|Λα1α2 mod t
n−1
H in P(n ).
6. For the last property, multiply Θα3 to the mod t
n−1
H quantum master equation in
P(n ) to obtain that
ħhΘα3 ·Θα2α1 =Θα3 ·
 
Θα2 ·Θα1

−Aα2α1
γΘα3 ·Θγ−ħh
 
Θα3 ,Λα2α1

ħh
− K

(−1)|α3 |Θα3 ·Λα2α1

−

Θ, (−1)|α3 |Θα3 ·Λα2α1

mod t n−1H .
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Using the mod t n−1H quantummaster equation again, we have
ħhΘα3 ·Θα2α1 =Θα3 ·
 
Θα2 ·Θα1

−Aα2α1
ρAα3ρ
γΘγ−ħhAα2α1
ρΘα3ρ −ħh
 
Θα3 ,Λα2α1

ħh
− K

Aα2α1
ρΛα3ρ +(−1)
|α3 |Θα3 ·Λα2α1

−

Θ,Aα2α1
ρΛα3ρ +(−1)
|α3 |Θα3 ·Λα2α1

ħh
mod t n−1H .
Equivalently
Θα3 ·
 
Θα2 ·Θα1

=Aα2α1
ρAα3ρ
γΘγ+ħhΘα3 ·Θα2α1 +ħhAα2α1
ρΘα3ρ +ħh
 
Θα3 ,Λα2α1

− K

Aα2α1
ρΛα3ρ − (−1)
|α3 |Θα3 ·Λα2α1

−

Θ,Aα2α1
ρΛα3ρ − (−1)
|α3 |Θα3 ·Λα2α1

ħh
mod t n−1H .
Then from the identity
Θα3 ·
 
Θα2 ·Θα1

− (−1)|α3 ||α2|Θα2 ·
 
Θα3 ·Θα1

= 0mod t n−1H ,
we have
0=

Aα2α1
ρAα3ρ
γ− (−1)|α3 ||α2 |Aα3α1
ρAα2ρ
γ

Θγ
+ħh

Θα3 ·Θα2α1 − (−1)
|α3 ||α2|Θα2 ·Θα3α1

+ħh

Aα2α1
γΘα3γ− (−1)
|α3 ||α2|Aα3α1
γΘα2γ

+ħh
 
Θα3 ,Λα2α1

ħh − (−1)
|α3 ||α2|
 
Θα2 ,Λα3α1

ħh

− K

−Aα2α1
ρΛα3ρ +(−1)
|α3 ||α2 |Aα3α1
ρΛα2ρ − (−1)
|α3 |Θα3 ·Λα2α1 +(−1)
|α3 ||α2 |(−1)|α2 |Θα2 ·Λα3α1

−

Θ,−Aα2α1
ρΛα3ρ +(−1)
|α3 ||α2 |Aα3α1
ρΛα2ρ − (−1)
|α3 |Θα3 ·Λα2α1 +(−1)
|α3||α2 |(−1)|α2 |Θα2 ·Λα3α1

ħh
mod t n−1H .
Nowwe use that Aα2α1
ρAα3ρ
γ−(−1)|α3 ||α2 |Aα3α1
ρAα2ρ
γ = 0mod t n−1H and compare the
remaining terms with the definitions of Nα3α2α1 mod t
n−1
H andMα3α2α1 mod t
n−1
H in
the equation (5.2) to establish the property. ⊓⊔
Finally, we consider the quantum gauge the 3rd condition for the quantum gauge
(property 8 of P(n )), which can be written as follows:
ħh∂[α¯3Λα2]α1 =Nα3α2α1 − Bα3α2α1
ρΘρ − KXα3α2α1 −
 
Θ,Xα3α2α1

ħh mod t
n−2
H , (5.3)
where Nα3α2α1 contributes to the above modulo t
n−2
H only.
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5.2. Building P(n + 1) out of P(n )
Our goal in this subsection is to build P(n + 1) out of assumed P(n ). We are going
to proceed in the following orders: (1) define eAαβ γ such that eA0β γ = δβ γ and eAαβ γ =
Aαβ γ mod t
n−1
H , (2) establish the mod t
n
H graded commutativity and associativity ofeAαβ γ, (3) establish the mod t n−1H potentiality of eAαβ γ, (4) define eΘ such that ∂0eΘ = 1
and eΘ = Θmod t n+1H and show that eΘ satisfy the mod t nH quantum master equation
and the mod t n+2H quantum descendant equation.
5.2.1. Definition of eAαβ γ and its immediate properties. We first consider the follow-
ing expression, built from P(n ),
Mα2α1 :=Θα2 ·Θα1 mod t
n
H , (5.4)
which is definedmodulo t nH since Θα are definedmodulo t
n
H in P(n ). Then, we obtain
that
KMα2α1 +
 
Θ,Mα2α1

=−ħh(−1)|α2 |
 
Θα2 ,Θα1

ħh mod t
n
H (5.5)
by a direct computation.
Lemma 5.1. There areunique eAα2α1γ ∈ |[[tH ]]mod t nH and some eΛα2α1 ∈C [[tH ]]|α|2+|α1 |−1 mod t nH
satisfying
Θα2 ·Θα1 = eAα2α1γΘγ+Q eΛα2α1 + Θ, eΛα2α1 mod t nH , (5.6)
with the following properties
1. eAα2α1γ− (−1)|α|2|α1 | eAα1α2γ = 0mod t nH ,
2. eA0α1γ = δα1γ mod t nH ,
3. eAα2α1ρ eAα3ργ− (−1)|α3 ||α2 | eAα3α1ρ eAα2ργ = 0mod t nH ,
4. eΛα2α1 = (−1)|α2 ||α1 | eΛα1α2 mod t nH ,
5. eΛ0α1 = 0mod t nH .
Proof. By taking classical limit of (5.2), we obtain thatQMα2α1+
 
Θ,Mα2α1

= 0mod t nH ,
whereMα2α1 :=Mα2α1

tH=0
=Θα2 ·Θα1 ∈C [[tH ]]
|α2|+|α1 | mod t nH . Applying proposition
5.1, we conclude that there are unique 3-tensor eAα2α1γ ∈ |[[tH ]]mod t nH and someeXα2α1 ∈C [[tH ]]|α2|+|α1 | mod t nH , defined modulo KerQΘ, such that
Θα2 ·Θα1 = eAα2α1γΘγ+Q eXα2α1 + Θ, eXα2α1 mod t nH . (5.7)
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From the super-commutativityΘα2 ·Θα1−(−1)
|α|2 |α1 |Θα1 ·Θα2 = 0mod t
n
H , the equation
(5.7) implies that eAα2α1γ− (−1)|α|2 |α1 | eAα1α2γΘγ =−Q eX [α2α1]− Θ, eX [α2α1] mod t nH .
where eX [α2α1] := eXα2α1−(−1)|α|2 |α1| eXα1α2 mod t nH . We now apply proposition 5.2 to con-
clude that eAα2α1γ− (−1)|α|2 |α1| eAα1α2γ = 0mod t nH
andQ eX [α2α1]+ Θ, eX [α2α1]= 0. Let
eΛα2α1 := 12 eXα2α1 +(−1)|α2 ||α1 | eXα2α1 mod t nH ,
such that eΛα2α1 = (−1)|α2 ||α1 | eΛα1α2 mod t nH . Then (5.7) is rewritten as follows
Θα2 ·Θα1 = eAα2α1γΘγ+Q eΛα2α1 + Θ, eΛα2α1 mod t nH .
Hence we have established the relation (5.6) as well as the properties 1 and 4. For the
properties 2 and 5, set α2 = 0 in the above equation and use Θ0 = 1 to deduce thateA0β γ = δβ γ and eΛ0α1 = 0mod t nH .
For the last remaining property 3, consider the following identity
Θα3 ·
 
Θα2 ·Θα1

− (−1)|α3 ||α2 |Θα2 ·
 
Θα3 ·Θα1

= 0, mod t nH (5.8)
which is due to the associativity and the super-commutativity of the product. Using
the relation (5.6), we have
Θα3 ·
 
Θα2 ·Θα1

= eAα2α1ρΘα3 ·Θρ +QΘ (−1)|a 3 |Θα3 · eΛα2α1 mod t nH ,
where we used the property that QΘ mod t
n+1
H is a derivation of the product and
QΘΘα = 0mod t
n
H . Using the relation (5.6) again for Θα3 ·Θρ , we have
Θα3 ·
 
Θα2 ·Θα1

= eAα2α1ρ eAα3ργΘγ+QΘ  eAα2α1ρ eΛρα3 +(−1)|a 3|Θα3 · eΛα2α1 mod t nH .
Then the identity (5.8) imply that eAα2α1ρ eAα3ργ− (−1)|α3 ||α2| eAα3α1ρ eAα2ργΘγ =−Q fNα3α2α1−Θ, fNα3α2α1 mod t nH , (5.9)
where fNα3α2α1 := eAα2α1ρ eΛα3ρ − (−1)|α3 ||α2 | eAα3α1ρ eXα2ρ
− (−1)|α3 |Θα3 · eΛα2α1 +(−1)|α3 ||α2 |(−1)|α2 |Θα2 · eΛα3α1 mod t nH .
Applying proposition 5.2 in Appendix A to the equation (5.9) to conclude thateAα2α1ρ eAα3ργ− (−1)|α3 ||α2| eAα3α1ρ eAα2ργ = 0mod t nH .
⊓⊔
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Corollary 5.7. Associativitymodulo t nH
eAα3α2ρ eAρα1γ− eAα2α1ρ eAα3ργ = 0mod t nH .
Proof. Combine properties 1 and 3 in lemma 5.1. ⊓⊔
Corollary 5.8. Reductionmodulo t n−1H :
eAα2α1γ = Aα2α1γ mod t n−1H and eΛα2α1 =Λα2α1 mod t n−1H .
Proof. Compare (5.6) with the classical limit (5.1) of quantum master equation in
P(n ).
5.2.2. Potentiality eAαβ γ. Here is the idea of our proof. Recall the defining equation
(5.6) of eAαβ γ in lemma 5.1:
Θα2 ·Θα1 = eAα2α1γΘγ+Q eΛα2α1 + Θ, eΛα2α1 mod t nH ,
where eAα2α1γ = Aα2α1γ mod t n−1H and eΛα2α1 = Λα2α1 mod t n−1H . Apply ∂α3 to the above
equation to have
Θα3α2 ·Θα1 +(−1)
|α3 ||α2|Θα2 ·Θα3α1 − eAα2α1γΘα3γ− Θα3 , eΛα2α1
= ∂α3 eAα2α1γΘγ+QΘ(−1)|α3 |∂α3 eΛα2α1 mod t n−1H .
Denote the LHS of above byMα3α2α1 :
Mα3α2α1 =Θα3α2 ·Θα1 +(−1)
|α3 ||α2 |Θα2 ·Θα3α1 −Aα2α1
γΘα3γ−
 
Θα3 ,Λα2α1

mod t n−1H ,
since eAα2α1γ = Aα2α1γ mod t n−1H and eΛα2α1 =Λα2α1 mod t n−1H . Hence we have
M[α3α2]α1 =

∂α3 eAα2α1γ− (−1)|α3 ||α2 |∂α2 eAα3α1γΘγ
+QΘ

(−1)|α3 |∂α3 eΛα2α1 − (−1)|α2 |+|α3 ||α2|∂α3 eΛα2α1 mod t n−1H . (5.10)
Thus we need to show thatM[α3α2]α1 ∈ ImQΘ to establish that
∂α3 eAα2α1γ− (−1)|α3 ||α2|∂α2 eAα3α1γ = 0mod t n−1H .
Note thatMα3α2α1 is exactly the classical limit ofMα3α2α1 , the properties of which are
listed in proposition 5.3. We shall need a stronger proposition.
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Proposition 5.4. There is certain eYα3α2α1 ∈C [[tH ,ħh]]|α3|+|α2|+|α1 |−1 mod t n−1H such thateYα3α2α1 = ∂[α¯3Λα2]α1 mod t n−2H ,
and
1. K eYα3α2α1 + Θ, eYα3α2α1ħh =M[α3α2]α1 mod t n−1H ,
2. eYα3α2α1 =−(−1)|α3 ||α2 |eYα2α3α1 mod t n−1H ,
3. eY0α2α1 = eYα30α1 = eYα3α20 = 0mod t n−1H ,
4. eYα3α2α1 − (−1)|α2 ||α1 |eYα3α1α2 +(−1)|α3 |(|α2|+|α1 |)eYα2α1α3 = 0mod t n−1H .
Proof. LetNα3α2α1 mod t
n−1
H be the classical limit of Nα3α2α1 mod t
n−1
H . Then propo-
sition 5.3 in the classical limit ħh = 0 becomes
QNα3α2α1 +
 
Θ,Nα3α2α1

= 0mod t n−1H .
Note also that
Nα3α2α1 =−(−1)
|α3 ||α2 |Nα2α3α1 mod t
n−1
H ,
Nα3α20 =Nα30α1 =N0α2α1 = 0mod t
n−1
H ,
Nα3α2α1 − (−1)
|α2 ||α1 |Nα3α1α2 +(−1)
|α3 |(|α2|+|α1 |)Nα2α1α3 = 0mod t
n−1
H ,
which are the classical limits of properties 3,4 and 5 in proposition 5.3. We also recall
the 3rd condition for the quantum gauge (property 8 of P(n ) as is written in (5.3)):
ħh∂[α¯3Λα2]α1 =Nα3α2α1 − Bα3α2α1
γΘγ− KXα3α2α1 −
 
Θ,Xα3α2α1

ħh mod t
n−2
H , (5.11)
which classical limit is
Nα3α2α1 = Bα3α2α1
γΘγ−QXα3α2α1 −
 
Θ,Xα3α2α1

mod t n−2H .
Hence, by proposition 5.1, there are unique eBα3α2α1 ∈ |[[tH ]]mod t n−1H and someeXα3α2α1 ∈C [[tH ]]mod t n−1H defined modulo KerQΘ satisfying
Nα3α2α1 = eBα3α2α1γΘγ+Q eXα3α2α1 + Θ, eXα3α2α1 mod t n−1H , (5.12)
such that eBα3α2α1γ = Bα3α2α1 mod t n−2H , eΛα3α2α1γ =Λα3α2α1 mod t n−2H andeBα3α2α1γ =−(−1)|α3 ||α2| eBα2α3α1γ mod t n−1H ,eB0α2α1γ = eBα30α1γ = eBα3α20γ = 0mod t n−1H ,eBα3α2α1 − (−1)|α2 ||α1 | eBα3α1α2 +(−1)|α3 |(|α2 |+|α1|) eBα2α1α3 = 0mod t n−1H ,eXα3α2α1 =−(−1)|α3 ||α2 | eXα3α2α1 mod t n−1H ,eX0α2α1 = eXα30α1 = eXα3α20 = 0mod t n−1H ,eXα3α2α1 − (−1)|α2 ||α1 | eXα3α1α2 +(−1)|α3 |(|α2 |+|α1|) eXα2α1α3 = 0mod t n−1H .
(5.13)
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It follows, from (5.12), that the following expression
Nα3α2α1 − eBα3α2α1γΘγ− K eXα3α2α1 − Θ, eXα3α2α1ħh mod t n−1H ,
is divisible by ħh. Hence we can define eYα3α2α1 by the following formula:
ħh eYα3α2α1 :=Nα3α2α1 − eBα3α2α1γΘγ− K eXα3α2α1 − Θ, eXα3α2α1ħh mod t n−1H , (5.14)
such that eYα3α2α1 = ∂[α¯3Λα2]α1 mod t n−2H .
Now we are ready to check all the properties in order.
1. Apply KΘ to (5.14) to obtain that
ħhK eYα3α2α1 +ħh Θ, eYα3α2α1ħh = KNα3α2α1 +  Θ,Nα3α2α1ħh mod t n−1H .
Then, from property 6 in proposition 5.3, we conclude that
K eYα3α2α1 + Θ, eYα3α2α1ħh =M[α3α2]α1 mod t n−1H .
2. From property 3 in proposition 5.3 and the relations in (5.13), we conclude that
eYα3α2α1 =−(−1)|α3 ||α2|eYα2α3α1 mod t n−1H .
3. From property 4 in proposition 5.3 and the relations in (5.13), we conclude that
eY0α2α1 = eYα30α1 = eYα3α20 = 0mod t n−1H .
4. From property 5 in proposition 5.3 and the relations in (5.13), we conclude that
eYα3α2α1 − (−1)|α2 ||α1 |eYα3α1α2 +(−1)|α3 |(|α2|+|α1 |)eYα2α1α3 = 0mod t n−1H .
⊓⊔
Now we are ready to establish the potentiality of eAα2α1γ.
Lemma 5.2. Potentiality: ∂α3 eAα2α1γ− (−1)|α3 ||α2∂α2 eAα3α1γ = 0mod t n−1H .
Proof. Recall the the relation (5.10):
M[α3α2]α1 =

∂α3 eAα2α1γ− (−1)|α3 ||α2 |∂α2 eAα3α1γΘγ
+QΘ

(−1)|α3 |∂α3 eΛα2α1 − (−1)|α2 |+|α3 ||α2|∂α3 eΛα2α1 mod t n−1H .
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Now the classical limit of property 1 in proposition 5.4 gives
M[α3α2]α1 =QΘ eYα3α2α1 mod t n−1H (5.15)
where Yα3α2α1 =Yα3α2α1

ħh=0
. Comparing (5.10) with (5.15), we have
∂α3 eAα2α1γ−(−1)|α3 ||α2|∂α2 eAα3α1γΘγ
=QΘ
 eYα3α2α1 − (−1)|α3 |∂α3 eΛα2α1 +(−1)|α2 |+|α3||α2 |∂α3 eΛα2α1 mod t n−1H .
Applying proposition 5.1, we conclude that
∂α3 eAα2α1γ− (−1)|α3 ||α2|∂α2 eAα3α1γ = 0mod t n−1H .
⊓⊔
Corollary 5.9. There is a choice such that
eYα3α2α1 = (−1)|α3 |∂α3 eΛα2α1 − (−1)|α2 |+|α3 ||α2|∂α3 eΛα2α1 mod t n−1H .
5.2.3. Definition of eΘmod t n+2H . Now we are about to take the final step, which re-
quires one more proposition, corresponding to the quantum gauge in P(n + 1):
Proposition 5.5. There is a eΛα2α1 ∈C [[tH ]]|α2|+|α1 |−1 mod t nH such that
1. eΛα2α1 ħh=0 = eΛα2α1 ,
2. eΛα2α1 =Λα2α1 mod t n−1H ,
3. eΛα2α1 = (−1)|α2 ||α1 |eΛα1α2 ,
4. eΛα20 = 0,
5. eYα3α2α1 = ∂[α3eΛα2]α1 mod t n−1H .
Proof. From the condition in proposition 5.4 that
eYα3α2α1 = ∂[α3Λα2]α1 mod t n−2H ,
we are looking for a eΛ[n−1]α2α1 satisfying
(a ). eΛ[n−1]α2α1 ħh = eΛ[n−1]α2α1
(b ). eΛ[n−1]α2α1 = (−1)|α2 ||α1 |eΛ[n−1]α1α2 ,
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(c ). eΛ[n−1]α20 = 0,
(d ). eY[n−2]α3α2α1 = ∂α3eΛ[n−1]α2α1 .
Assuming the above conditions, we set eΛα2α1 = Λα2α1 + eΛ[n−1]α2α1 . Then all the properties
in the proposition are satisfied.
Consider
Cα2α1 :=Θα2 ·Θα1 −Aα2α1
γΘγ−
 
Θ,Λα2α1

ħh mod t
n
H . (5.16)
Note that the classical limit of Cα2α1 is
Cα2α1

ħh=0
=Θα2 ·Θα1 −Aα2α1
γΘγ−
 
Θ,Λα2α1

mod t nH .
Comparing above with Θα2 ·Θα1 = eAα2α1γΘγ+Q eΛα2α+  Θ,Λα2α1mod t nH , we have
Cα2α1

ħh=0
= eA[n−1]γα2α1 Oγ+Q eΛα2α1 mod t nH . (5.17)
Note also that
∂[α3Cα2]α1 =M[a 3α2]α1 −
 
Θ,∂α¯3Λα2]α1

ħh
=K eYα3α2α1 + Θ, eYα3α2α1 − ∂α¯3Λα2]α1ħh
mod t n−1H
where we have used M[a 3α2]α1 = K eYα3α2α1 + Θ, eYα3α2α1 mod t n−1H (property 1 in
proposition 5.4). It follows that
∂[α3Cα2]α1 = K eYα3α2α1 mod t n−1H , (5.18)
since eYα3α2α1 − ∂[α¯3Λα2]α1 = 0mod t n−2H and ΘtH=0 = 0.
Now consider the word-length (n − 1) partC
[n−1]
α2α1 of Cα2α1 :
C
[n−1]
α2α1
=
n−1∑
k=0
Θ[k ]α2 ·Θ
[n−1−k ]
α1
−
n−2∑
k=0
A[k ]γα2α1Θ
[n−1−k ]
γ −
n−2∑
k=0

Θ[n−1−k ],Λ[k ]α2α1

ħh
. (5.19)
We note, from (5.17) and (5.18), that
C
[n−1]
α2α1

ħh=0
= eA[n−1]α2α1 γOγ+Q eΛ[n−1]α2α1 ,
∂[α3C
[n−1]
α2]α1
= K eY[n−2]α3α2α1 . (5.20)
Hence eY[n−2]α3α2α1 − ∂[α¯3 eΛ[n−1]α2]α1 is divisible by ħh.
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Now we consider the following expansions:
eY[n−2]α3α2α1 = 1(n − 2)! t α¯4 · · · t α¯n+1eξαn+1 ···α4α3α2α1 where ξαn+1 ···α1 ∈C [[ħh]]|α1|+···+|αn+1 |−1,eΛ[n−1]α2α1 = 1(n − 1)! t α¯3 · · · t α¯n+1eλαn+1αn ···α3α2α1γ where eλαn+1 ···α1 ∈C |α1 |+···+|αn+1 |−1,
such that
∂
[α¯3
eΛ[n−1]
α2]α1
=
1
(n − 2)
t α¯4 · · · t α¯n+1
eλαn+1αn ···α4α3α2α1γ− (−1)|α3 ||α2 |eλαn+1αn ···α4α2α3α1γ .
We can define eηαn+1αn ···α4α3α2α1 ∈C [[ħh]]|α1|+···+|αn+1 |−1 as follows:
ħh eηαn+1αn ···α4α3α2α1 = eξαn+1αn ···α4α3α2α1−λαn+1αn ···α4α3α2α1 − (−1)|α3||α2 |eλαn+1αn ···α4α2α3α1γ ,
since eY[n−2]α3α2α1 − ∂[α¯3 eΛ[n−1]α2]α1 is divisible by ħh. Then
eY[n−2]
γβα
= ∂
[γ¯
eΛ[n−1]
β ]α
−
ħh
(n − 2)!
t ρ¯2 · · · t ρ¯n−1 eηρn−1 ···ρ2γβα.
Note also that
eηρn−1 ···ρ2γβα− (−1)|γ||β | eηρn−1 ···ρ2βγα = 2eηρn−1 ···ρ2γβα,
(−1)|β ||α| eηρn−1 ···ρ2γαβ − (−1)|γ|(|β |+|α|) eηρn−1 ···ρ2βαγ = eηρn−1 ···ρ2γβα.
Finally, we define
eΛ[n−1]
βα
:= eΛn−1
βα
−
ħh
3
1
(n − 1)!
t ρ¯1 · · · t ρ¯n−1
eηρn−1 ···ρ1βα+(−1)|β ||α| eηρn−1 ···ρ1αβ
Then, we have
(a ) eΛ[n−1]α2α1 ħh = eΛ[n−1]α2α1 ,
(b ) eΛ[n−1]α2α1 = (−1)|α2 ||α1 |eΛ[n−1]α1α2 ,
(c ) eΛ[n−1]α20 = 0.
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Hence all that is remain is to check that eY[n−2]α3α2α1 = ∂[α3eΛ[n−1]α2]α1 :
∂
[γ¯
eΛ[n−1]
β ]α
=∂
[γ¯
eΛ[n−1]
β ]α
−
ħh
3
1
(n − 2)!
t ρ¯2 · · · t ρ¯n−1
eηρn−1 ···ρ2γβα− (−1)|γ||β | eηρn−1 ···ρ2βγα
−
ħh
3
1
(n − 2)!
t ρ¯2 · · · t ρ¯n−1

(−1)|β ||α| eηρn−1 ···ρ2γαβ − (−1)|γ|(|β |+|α|) eηρn−1 ···ρ2βαγ
=∂
[γ¯
eΛ[n−1]
β ]α
−
2ħh
3
1
(n − 2)!
t ρ¯2 · · · t ρ¯n−1 eηρn−1 ···ρ2γβα
−
ħh
3
1
(n − 2)!
t ρ¯2 · · · t ρ¯n−1 eηρn−1 ···ρ2γβα
=∂
[γ¯
eΛ[n−1]
β ]α
−
ħh
(n − 2)!
t ρ¯2 · · · t ρ¯n−1 eηρn−1 ···ρ2γβα
=eY[n−1]γβα .
⊓⊔.
Corollary 5.10. Let
eLα2α1 :=Θα2 ·Θα1 − eAα2α1γΘγ− KeΛα2α1 − Θ,eΛα2α1ħh mod t nH .
Then
1. eLα2α1 is divisible by ħh,
2. eLα2α1 = (−1)|α2 ||α1 |eLα1α2 mod t nH ,
3. eLα20 = 0mod t nH ,
4. ∂α3eLα2α1 = (−1)|α3 ||α2 |∂α2eLα3α1 mod t n−1H
Proof. Straightforward to check in order:
1. The classical limit of eLα2α1 vanishes due to the relation (5.6).
2. Use the relations eAα2α1γ = (−1)|a 2 ||α1 | eAα1α2 mod t nH and eΛα2α1 = (−1)|α2 ||α1 |eΛα1α2 mod t nH ,
as well as supercommutativity of the product ·.
3. Use the unities that Θ0 = 1 and eA0β γ =δβ γ mod t nH as well as the relation eΛα20 = 0.
4. By applying ∂α3 we have
∂α3eLα2α1 =Mα3α2α1 − ∂α3 eAα2α1γΘγ− KΘ∂α¯3eΛα2α1 mod t n−1H .
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Hence
∂α3eLα2α1−(−1)|α3 ||α2 |∂α2eLα3α1
=M[α3α2]α1 − KΘ∂[α¯3eΛα2]α1
=−KΘ

Yα3α2α1 − ∂[α¯3eΛα2]α1
= 0,
where we have used the potentiality ∂α3 eAα2α1γ− (−1)|α3 ||α2|∂α2 eAα3α1γ = 0mod t n−1H for
the 1st equality and property 5 in proposition 5.5. ⊓⊔
From the quantummaster equation in P(n ), we already know that
eLα2α1 = ħh∂α2∂α1Θmod t n−1H ,
so that the only new piece of information in the expression eLα2α1 is its componenteL[n−1]α2α1 with the word-length n − 1 in tH :
eL[n−1]α2α1 =n−1∑
k=0
Θ[k ]α2 ·Θ
[n−1−k ]
α1
−
n−2∑
k=0

A
[k ]γ
αβ Θ
[n−1−k ]
γ +

Θ[n−1−k ],Λ[k ]α2α1

ħh

− eA[n−1]γα2α1 Θ[0]γ − KeΛ[n−1]α2α1 .
(5.21)
Set ħheΘ[n+1] = 1
n (n+1)
t α1 t α2eL[n−1]α2α1 and define
eΘ :=Θ+ eΘ[n+1] =Θ[1]+ · · ·+Θ[n ]+ eΘ[n+1]
so that eΘ = Θmod t n+1H and ∂αeΘ = Θα mod t nH . Then the following lemma finishes
our construction P(n + 1) out of the assumed P(n ).
Lemma 5.3. eΘ satisfies
1. the mod t nH quantummaster equation:
ħh∂α2∂α1 eΘ= ∂α2 eΘ · ∂α1 eΘ− eAα2α1γ∂γeΘ− KeΛα2α1 − eΘ,eΛα2α1ħh mod t nH ,
2. the quantum unity ∂0eΘ= 1mod t n+1H ,
3. the mod t n+2H quantum descendant equation: K
eΘ+ 1
2
 eΘ, eΘ
ħh = 0mod t
n+2
H .
Proof. In order.
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1. It is sufficient to show that ħh∂α2∂α1 eΘ = eL[n−1]α2α1 , which is combined with the quan-
tummaster equation mod t n−1H in P(n ) to have the mod t
n
H equation. From
eΘ[n+1] =
1
n (n+1)
t β t γeL[n−1]γβ , we have
ħh∂α1 eΘ[n+1]
=
2
n (n + 1)
t γeL[n−1]γα1 + 1n (n + 1) (−1)(|µ|+|ν |)|α1 |t ν t µ∂α1eL[n−1]µν
=
2
n (n + 1)
t γeL[n−1]γα1 + 1n (n + 1) t ν t µ(−1)|ν ||α1 |∂µeL[n−1]α1ν +(−1)(|µ|+|ν |)|α1 |∂[α1eL[n−1]µ]ν 
=
2
n (n + 1)
t γeL[n−1]γα1 + 1n (n + 1) t ν t µ∂µeL[n−1]να1 + 1n (n + 1) (−1)(|µ|+|ν |)|α1 |t ν t µ∂[α1eL[n−1]µ]ν
=
1
n
t γeL[n−1]γβ + 1n (n + 1) (−1)(|µ|+|ν ||α1 |t ν t µ∂[α1eL[n−1]µ]ν ,
where we have used eL[n−1]α2α1 = (−1)|α2 ||α1 |eL[n−1]α1α2 for the 1st and the 3rd equalities and
t µ∂µL
[n−1]
να1 = (n − 1)L
[n−1]
να1 for the last equality. It follows that ∂α1 eΘ[n+1] = 1n t γL[n−1]γα1
since ∂[α1 L
[n−1]
µ]ν
= 0. The similar computation show that ħh∂α2∂α1 eΘ= eL[n−1]α2α1 ..
2. The quantum unity ∂0eΘ = 1mod t n+1H follows from ∂0eΘ = ∂0Θ = 1mod t nH and
ħh∂0eΘ[n+1] = 1n t γeL[n−1]γ0 = 0.
3. In P(n ) we have assumed that KΘ+ 1
2
 
Θ,Θ

ħh = K
eΘ+ 1
2
 eΘ, eΘ
ħh = 0mod t
n+1
H . So it
is suffice to show that
K eΘ[n+1]+ 1
2
n∑
k=1

Θ[n+1−k ],Θ[k ]

ħh
= 0. (5.22)
Note that the quantummaster equation in 1 can be written as follows:
ħh∂α2∂α1 eΘ= ∂α2Θ · ∂α1Θ− eAα2α1γ∂γΘ− KeΛα2α1 − Θ,eΛα2α1ħh mod t nH .
Applying KΘ to the above, we have
K∂α2∂α1 eΘ+ Θ,∂α2∂α1 eΘħh =−ħh(−1)|α2 |∂α2Θ,∂α1Θħh mod t nH .
Now consider the word length (n − 1) part of the above identity:
K

∂α2∂α1 eΘ[n+1]+ n∑
k=1

Θ[n+1−k ],∂α2∂α1Θ
[k ]

ħh
=−(−1)|α2 |
n∑
k=1

∂α2Θ
[n+1−k ]∂α1Θ
[k ]

ħh
,
andmultiply (−1)|α2 |+|α1|t α1 t α2 to sum over the repeated indices such that
K

t α1 t α2∂α2∂α1 eΘ[n+1]+ n∑
k=1

Θ[n+1−k ], t α1 t α2∂α2∂α1Θ
[k ]

ħh
=−
n∑
k=1

t α2∂α2Θ
[n+1−k ], t α1∂α1Θ
[k ]

ħh
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Then, from the homogeneity of Θ[k ] such that t α∂αΘ[k ] = kΘ[k ], we obtain that
n (n + 1)K eΘ[n+1]+ n∑
k=1
k (k − 1)

Θ[n+1−k ],Θ[k ]

ħh
=−
n∑
k=1
(n + 1−k )k

Θ[n+1−k ],Θ[k ]

ħh
,
which is simplified as follows:
n (n + 1)K eΘ[n+1]+ n∑
k=1
k

Θ[n+1−k ],Θ[k ]

ħh
= 0.
Using the following re-summation:
n∑
k=1
k

Θ[n+1−k ],Θ[k ]

ħh
=
n∑
k=1
(n + 1−k )

Θk ,Θ[n+1−k ]

ħh
=
n∑
k=1
(n + 1−k )

Θ[n+1−k ],Θ[k ]

ħh
,
we have
(n + 1)K eΘ[n+1]+ (n + 1)
2
n∑
k=1

Θ[n+1−k ],Θ[k ]

ħh
= 0,
which is equivalent the relation (5.22). ⊓⊔
Finally take n→∞ and we are done.
A. Appendix
The purpose of this appendix is to prove proposition 2.1 and 2.2, which compare 
C [[ħh]],K

and
 
H [[ħh]],κ

both as cochain complexes over |[[ħh]].
Recall that a quantization map f= f +ħh f (1) + · · · is a ghost number preserving |[[ħh]]-
linear map on H [[ħh]] to C [[ħh]] satisfying Kf = fκ such thatQ f = 0, f (0) = 0, and f
induces the identity map on H , i.e, theQ-cohomology class of f (x ) is x for all x ∈H .
Let γ ∈ Ker Q ∩ C . We denote the Q-cohomology class of γ by [γ] ∈ H . Note that
f
 
[γ]

= γmod ImQ since f induces the identity map onH . Note also that an equal-
ity of the type f (x ) = Qλ, where x ∈ H |x | and λ ∈ C |x |−1 implies that (i) x = 0 since
f (x )

= [Qλ] = 0 and

f (x )

= x , and (ii)Qλ= 0 since f (0) = 0.
We begin with proposition 2.1:
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Proposition A.1. Any homogeneous η ∈ C [[ħh]]|η| satisfying Kη = 0, can be expressed
as
η= f(x)+ Kλ,
for certain pair (x,λ) ∈H [[ħh]]|η|⊕C [[ħh]]|η|−1 such that κx= 0. Let (x′,λ′) ∈H [[ħh]]|η|⊕
C [[ħh]]|η|−1 be any other pair satisfying
η= f(x′)+ Kλ′.
Then there is certain pair

y,ζ

∈H [[ħh]]|η|−1⊕C [[ħh]]|η|−2 such that
x′− x=−κy,
λ′−λ= f(y)+ Kζ.
Consider any η ∈C [[ħh]] satisfying Kη = 0. We shall show that (i) there is a pair (x,λ)
such that η = f(x) + Kλ, (ii) κx = 0 and (iii) for any other (x′,λ′) satisfying η = f(x′) +
Kλ′ there is a pair (y,η) such that x′ − x = −κy and λ′ −λ = f(y) + Kζ. Denote η =
η(0)+ħhη(1)+ · · ·.
We begin with proving the proposition modulo ħh. Note that the condition Kη = 0
modulo ħh isQη(0) = 0. Then,
(i) It follows that η(0) = f

η(0)

+Qλ(0) for some λ(0) ∈C . Set x (0) =

η(0)

, i.e.,
η(0) = f

x (0)

+Qλ(0). (A.23)
Set
x= x (0) mod ħh,
λ=λ(0) mod ħh.
Then the relation (A.23) is equivalent toη= f(x)+ Kλmod ħh.
(ii) It is obvious that κx= 0mod ħh since κ= 0mod ħh.
(iii) Let (x ′(0),λ′(0)) be any other pair satisfying η(0) = f

x ′(0)

+Qλ′(0). Then, by a com-
parison with (A.23), we have
f

x ′(0)−x (0)

=−Q

λ′(0)−λ(0)

.
By taking theQ-cohomology class to the above, we conclude that x ′(0) = x (0) as well as
Q

λ′(0)−λ(0)

= 0, which implies that there is a pair (y (0),ζ(0)) such that λ′(0) −λ(0) =
f

y (0)

+Qζ(0):
x ′(0)−x (0) = 0,
λ′(0)−λ(0) = f

y (0)

+Qζ(0).
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The above set of relations is equivalent to
x′− x=−κymod ħh,
λ′−λ= f(y)+ Kζ,
where
x′ = x ′(0) mod ħh,
λ′ =λ′(0) mod ħh,
y= y (0) mod ħh,
ζ= ζ(0) mod ħh.
The above demonstration is too trivial to be an useful example, though it is a neces-
sary step for mathematical induction. Now the next order is demonstrated for peda-
gogical purposes—since it has all the essential features of the proposition, some read-
ers may read it and skip the actual proof.
Consider the proposition modulo ħh2. Then the condition Kη= 0mod ħh2 isQη(0) = 0
andQη(1)+K (1)η(0) = 0, which becomes
Qη(1)+K (1) f

x (0)

+K (1)Qλ(0) = 0,
after using (A.23). From Kf = fκ and K2 = 0, we have K (1) f = −Q f (1) + f κ(1) and
K (1)Q =−QK (1). Thus the above condition is equivalent to
Q

η(1)− f (1)

x (0)

−K (1)λ(0)

=− f

κ(1)x (0)

. (A.24)
By taking theQ-cohomology class to the above, we have
0= κ(1)x (0). (A.25)
Then (A.24) also implies that
Q

η(1)− f (1)

x (0)

−K (1)λ(0)

= 0. (A.26)
(i) From (A.26), It follows that η(1) − f (1)

x (0)

− K (1)λ(0) = f

x (1)

+Qλ(1) for unique
x (1) ∈H and some λ(1) ∈C . Then, together with (A.23), we have
η(0) = f

x (0)

+Qλ(0),
η(1) = f (1)

x (0)

+ f

x (1)

+K (1)λ(0)+Qλ(1).
(A.27)
Let
x := x (0)+ħhx (1) mod ħh2,
λ := λ(0)+ħhλ(1) mod ħh2.
Then the relation (A.27) is equivalent toη= f(x)+ Kλmod ħh2.
(ii) From (A.25). it follows κx=κ(1)x (0) = 0mod ħh2 since κ= 0mod ħh.
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(iii) Recall that λ(0) is defined modulo Ker Q in (A.23). Let λ′(0) = λ(0) + ξ(0) for any
ξ(0) ∈KerQ. Then we also have
η(0) = f

x (0)

+Qλ′(0).
Repeating the same steps of deriving (A.24) to (A.26), we conclude that
Q

η(1)− f (1)

x (0)

−K (1)λ′(0)

= 0.
It follows that η(1) − f (1)

x (0)

− K (1)λ′(0) = f

x ′(1)

+Qλ′(1) for unique x ′(1) ∈ H and
some λ′(1) ∈C , i.e.,
η(1) = f (1)

x (0)

+ f

x ′(1)

+K (1)λ′(0)+Qλ′(1). (A.28)
By comparing the above with (A.27) we have
f

x ′(1)−x (1)

=−K (1)ξ(0)−Q

λ′(1)−λ(1)

. (A.29)
Recall that ξ(0) = λ′(0)−λ(0) is an element in KerQ. Hence
ξ(0) = f

y (0)

+Qζ(0) (A.30)
for y (0) =

ξ(0)

∈H and some ζ(0) ∈C . Recall also thatξ(0) can be an arbitrary element
in KerQ so that y (0) is an arbitrary element inH accordingly. From
K (1)ξ(0) = K (1) f

y (0)

+K (1)Qζ(0)
= f

κ(1)y (0)

−Q f (1)

y (0)

−QK (1)ζ(0),
the relation (A.29) becomes
f

x ′(1)−x (1)+κ(1)y (0)

=−Q

λ′(1)−λ(1)− f (1)

y (0)

−K (1)ζ(0)

. (A.31)
By taking theQ-cohomology class of the above, we have
x ′(1) = x (1)−κ(1)y (0). (A.32)
Hence (A.31) also implies that
Q

λ′(1)−λ(1)− f (1)

y (0)

−K (1)ζ(0)

= 0,
so that there is unique y (1) ∈H and some ζ(1) ∈C such that
λ′(1)−λ(1) = f (1)

y (0)

+ f (1)

y (1)

+K (1)ζ(0)+Qζ(1). (A.33)
Let y = y (0) + ħhy (1) mod ħh2. From (A.32), we conclude that the solution x = x (0) +
ħhx (1) mod ħh2 is unique up to κy = κ(1)y (0) mod ħh2 for some y = y (0) + ħhy (1) mod ħh2
inH [[ħh]]. Combining together (A.30) and (A.33), we also conclude that
λ′−λ= f
 
y

+ Kζmod ħh2
where ζ= ζ(0)+ħhζ(1) mod ħh2.
72 Jae-Suk Park
Proof. Considerη=η(0)+ħhη(1)+ · · · ∈ C [[ħh]] satisfying Kη= 0. Fix n ≥ 1 and assume
that
(1) there is a pair {x,λ} which satisfiesη= f(x)+ Kλmod ħhn , where
x= x (0)+ħhx (1)+ · · ·+ħhn−1x (n−1),
λ= λ(0)+ħhλ(1)+ · · ·+ħhn−1λ(n−1),
(2) κx= 0mod ħhn ,
(3) for any other pair {x′,λ′} satisfying η = f(x′) + Kλ′ mod ħhn , there is a pair
¦
y,ζ
©
,
where
y= y (0)+ħhy (1)+ · · ·+ħhn−1y (n−1),
ζ= ζ(0)+ħhζ(1)+ · · ·+ħhn−1ζ(n−1),
such that
x′− x=−κymod ħhn ,
λ′−λ= f
 
y

+ Kζmod ħhn .
From the given condition Kη= 0, we have
Qη(n )+
n−1∑
ℓ=0
K (n−ℓ)η(ℓ) = 0. (A.34)
From assumption (1) we have, for 0≤ ℓ≤n − 1,
η(ℓ) =
ℓ∑
j=0
f (j )

x (ℓ−j )

+Qλ(ℓ)+
ℓ∑
j=1
K (j )λ(ℓ−j ).
Hence (A.34) becomes
Qη(n )+
n−1∑
ℓ=0
ℓ∑
j=0
K (n−ℓ) f (ℓ−j )

x (j )

+
n−1∑
ℓ=0
ℓ∑
j=1
K (n−ℓ)K (j )λ(ℓ−j )+
n−1∑
ℓ=0
K (n−ℓ)Qλ(ℓ) = 0,
which is equivalent to
Q
 
η(n )−
n−1∑
ℓ=0
f (ℓ)γ

x (n−ℓ)

−
n−1∑
ℓ=0
K (n−ℓ)λ(ℓ)
!
=−
n−1∑
ℓ=1
f (n−ℓ)
 ℓ∑
j=1
κ(j )x (ℓ−j )

− f
 
n∑
i=1
κ(i )x (n−i )
!
,
(A.35)
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where we have used K2 = 0 and Kf=κfwith some ressummations. From assumption
(2) we have
∑ℓ
j=1κ
(j )x (ℓ−j ) = 0 for all 0≤ ℓ≤ n − 1. Hence (A.35) reduces to
Q
 
η(n )−
n−1∑
ℓ=0
f (ℓ)γ

x (n−ℓ)

−
n−1∑
ℓ=0
K (n−ℓ)λ(ℓ)
!
=− f
 
n∑
i=1
κ(i )x (n−i )
!
. (A.36)
Then, by taking theQ-cohomology class of the above relation, we have
n∑
i=1
κ(i )x (n−i ) = 0, (A.37)
as well as
Q
 
η(n )−
n−1∑
ℓ=0
f (ℓ)γ

x (n−ℓ)

−
n−1∑
ℓ=0
K (n−ℓ)λ(ℓ)
!
= 0. (A.38)
It follows, from (A.38) that there is a x (n ) ∈H and some λ(n ) ∈C such that
η(n )−
n−1∑
ℓ=0
f (ℓ)γ

x (n−ℓ)

−
n−1∑
ℓ=0
K (n−ℓ)λ(ℓ) = f

x (n )

+Qλ(n ).
Equivalently, we have
η(n ) =
n∑
ℓ=0
f (ℓ)

x (n−ℓ)

+
n−1∑
ℓ=0
K (n−ℓ)λ(ℓ)+Qλ(n ). (A.39)
Set ex= x+ħhnx (n ),eλ=λ+ħhnλ(n ).
Then (A.39) together with assumption (1) is equivalent to the following:
f(1). The pair ¦ex,eλ© satisfiesη= f(ex)+ Keλmod ħhn+1.
The relation (A.37) together with assumption (2) is equivalent to the following:
f(2). Kex= 0mod ħhn+1.
Let {x′,λ′} be any other pair satisfyingη= f (x′)+ Kλ′ mod ħhn such that, by assump-
tion (3),
x′ = x−κy,
λ′ =λ+ f(y)+ Kζ,
where x′ = x ′(0)+ħhx ′(1)+ · · ·+ħhn−1x ′(n−1) and λ=λ′(0)+ħhλ′(1)+ · · ·+ħhn−1λ′(n−1). Then
we also have we have, for 0≤ ℓ≤n − 1,
η(ℓ) =
ℓ∑
j=0
f (j )

x ′(ℓ−j )

+Qλ′(ℓ)+
ℓ∑
j=1
K (j )λ′(ℓ−j ),
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Repeating the same steps as the derivations of (A.35) to (A.38), we can conclude that
Q
 
η(n )−
n−1∑
ℓ=0
f (ℓ)γ

x ′(n−ℓ)

−
n−1∑
ℓ=0
K (n−ℓ)λ′(ℓ)
!
=0. (A.40)
Hence there is a x ′(n ) ∈H and some λ′(n ) ∈C such that
η(n ) =
n∑
ℓ=0
f (ℓ)

x ′(n−ℓ)

+
n−1∑
ℓ=0
K (n−ℓ)λ′(ℓ)+Qλ′(n ). (A.41)
By comparing the above with (A.39) we have
f

x ′(n )−x (n )

+Q

λ′(n )−λ′(n )

=−
n−1∑
ℓ=0
f (n−ℓ)

x ′(ℓ)−x (ℓ)

−
n−1∑
ℓ=0
K (n−ℓ)

λ′(ℓ)−λ(ℓ)

.
(A.42)
The RHS of the above can be rewritten as follows:
RHS = f
 
n∑
ℓ=1
κ(ℓ)y (n−ℓ)
!
+Q
n∑
ℓ=1

f (ℓ)

y (n−ℓ)

+K (ℓ)ζ(n−ℓ)

,
where we have used assumption (3) in components, that is, for 0≤ ℓ≤n − 1,
x ′(ℓ)−x (ℓ) =
ℓ∑
j=1
κ(j )y (ℓ−j ),
λ′(ℓ)−λ(ℓ) =
ℓ∑
j=0
f (j )

y (ℓ−j )

+
ℓ∑
j=0
K (j )y (ℓ−j ),
and K2 = Kf− fκ= 0. Hence (A.42) becomes
f
 
x ′(n )−x (n )+
n∑
ℓ=1
κ(ℓ)y (n−ℓ)
!
=−Q
 
λ′(n )−λ′(n )−
n∑
ℓ=1

f (ℓ)

y (n−ℓ)

+K (ℓ)ζ(n−ℓ)
!
.
(A.43)
By taking theQ-cohomology class of the above, we have
x ′(n )−x (n ) =−
n∑
ℓ=1
κ(ℓ)y (n−ℓ). (A.44)
Then, (A.44) is reduced to
Q
 
λ′(n )−λ′(n )−
n∑
ℓ=1

f (ℓ)

y (n−ℓ)

+K (ℓ)ζ(n−ℓ)
!
= 0.
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It follows that there is a pair
¦
y (n ),ζ(n )
©
such that
λ′(n )−λ′(n )−
n∑
ℓ=1

f (ℓ)

y (n−ℓ)

+K (ℓ)ζ(n−ℓ)

= f

y (n )

+Qζ(n ).
Equivalently
λ′(n )−λ′(n ) = f

y (n )

+
n∑
ℓ=1
f (ℓ)

y (n−ℓ)

+Qζ(n )+
n∑
ℓ=1
K (ℓ)ζ(n−ℓ). (A.45)
Set ey= y+ħhny (n ),eζ= ζ+ħhnζ(n ).
Then the relations (A.44) and (A.45) together with assumption (3) imply the following:
f(3). For the another pair ¦ex′,eλ′© satisfying η= f (ex′)+ Keλ′ mod ħhn+1, we have
ex′−ex=−κeymod ħhn+1,eλ′− eλ= f ey+ Keζmod ħhn+1.
Hence by mathematical induction, we have the proposition. ⊓⊔
Now we turn to proposition 2.2:
Proposition A.2. A pair {x,λ} ∈H [[ħh]]|x|⊕C [[ħh]]|x|−1 satisfies
f(x) = Kλ
if and only if there is a pair
¦
y,ζ
©
∈H [[ħh]]|x|−1⊕C [[ħh]]|x|−2 such that
x=κy,
λ= f
 
y

+ Kζ
Proof. Assume that x = κy and λ = f
 
y

+ Kζ. Then Kλ = Kf
 
y

= f
 
κy

. Hence
Kλ = f (x). It remains to show that there is there is a pair
¦
y,ζ
©
such that x = κy and
λ= f
 
y

+ Kζ if f(x) = Kλ.
– The condition f (x) = Kλmodulo ħh is
f

x (0)

=Qλ(0). (A.46)
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It follows that x (0) = 0 andQλ(0) = 0, which implies that there is a pair

y (0),ζ(0)
©
such that λ(0) = f

y (0)

+Qζ(0):
x (0) = 0,
λ(0) = f

y (0)

+Qζ(0),
(A.47)
Set y= y (0) mod ħh and ζ= ζ(0) mod ħh. Then (A.47) is equivalent to
x=κymod ħh,
λ= f
 
y

+ Kζmod ħh
(A.48)
– The condition f (x) = Kλmodulo ħh2 is equivalent to (A.46) and
f

x (1)

+ f (1)

x (0)

= K (1)λ(0)+Qλ(1). (A.49)
From (A.47), we have f (1)

x (0)

= 0 and
K (1)λ(0) = K (1) f

y (0)

+K (1)Qζ(0)
= f

κ(1)y (0

−Q

f (1)

y (0)

+K (1)ζ(0)

..
Thus, (A.49) becomes
f

x (1)−κ(1)y (0)

=Q

λ(1)− f (1)

y (0)

−K (1)ζ(0)

.
It follows that
x (1) =κ(1)y (0) (A.50)
andQ

λ(1)− f (1)

y (0)

−K (1)ζ(0)

= 0, which implies that there is a pair
¦
y (1),ζ(1)
©
such that λ(1)− f (1)

y (0)

−K (1)ζ(0) = f

y (1)

+Qζ(1), i.e.,
λ(1) = f (1)

y (0)

+ f

y (1)

+K (1)ζ(0)+Qζ(1). (A.51)
Set y = y (0) + ħhy (1) mod ħh2 and ζ = ζ(0) + ħhζ(1) mod ħh2. Then (A.50) and (A.51)
together with (A.48) are equivalent to
x=κymod ħh2,
λ= f
 
y

+ Kζmod ħh2.
(A.52)
– (Assumption): Fix n > 2 and assume that there is a pair
¦
y,ζ
©
, where
y= y (0)+ħhy (1)+ · · ·+ħhn−1y (n−1),
ζ= ζ(0)+ħhζ(1)+ · · ·+ħhn−1ζ(n−1),
such that
x=κymod ħhn ,
λ= f
 
y

+ Kζmod ħhn .
Algebraic Principles of Quantum Field Theory II 77
– From the condition f (x) = Kλ, we have
f

x (n )

−Qλ(n ) =−
n−1∑
ℓ=0
f (n−ℓ)

x (ℓ)

+
n−1∑
ℓ=0
K (n−ℓ)λ(ℓ). (A.53)
From the assumption we have, for 0≤ ℓ≤n − 1,
x (ℓ) =
ℓ∑
j=1
κ(j )y (ℓ−j ),
λ(ℓ) = f

y (ℓ)

+
ℓ∑
j=1
f (j )

y (ℓ−j )

+Qζ(ℓ)+
ℓ∑
j=1
K (j )ζ(ℓ−j ).
Make the substitution as the above to (A.53), we obtain that
f

x (n )

−Qλ(n ) =A(n )+ B (n ), (A.54)
where
A(n ) =−
n−1∑
ℓ=0
ℓ∑
j=1
f (n−ℓ)

κ(j )y (ℓ−j )

+
n−1∑
ℓ=0
K (n−ℓ) f

y (ℓ)

+
n−1∑
ℓ=0
ℓ∑
j=1
K (n−ℓ) f (j )

y (ℓ−j )

,
B (n ) =+
n−1∑
ℓ=0
K (n−ℓ)Qζ(ℓ)+
n−1∑
ℓ=0
ℓ∑
j=1
K (n−ℓ)K (j )ζ(ℓ−j ).
From Kf= fκ and K2 = 0, we obtain that
A(n ) = f
 
n∑
ℓ=1
κ(ℓ)y (n−ℓ)
!
−Q
n∑
ℓ=1
f (ℓ)

y (n−ℓ)

,
B (n ) =−Q
n∑
ℓ=1
K (ℓ)ζ(n−ℓ).
Hence (A.54) reduces to
f
 
x (n )−
n∑
ℓ=1
κ(ℓ)y (n−ℓ)
!
=Q
 
λ(n )−
n∑
ℓ=1
f (ℓ)

y (n−ℓ)

−
n∑
ℓ=1
K (ℓ)ζ(n−ℓ)
!
. (A.55)
By taking theQ-cohomology class of the above relation we have
x (n ) =
n∑
ℓ=1
κ(ℓ)y (n−ℓ), (A.56)
as well as
Q
 
λ(n )−
n∑
ℓ=1
f (ℓ)

y (n−ℓ)

−
n∑
ℓ=1
K (ℓ)ζ(n−ℓ)
!
= 0,
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which implies that there is a pair
¦
y (n ),ζ(n )
©
such that
λ(n )−
n∑
ℓ=1
f (ℓ)

y (n−ℓ)

−
n∑
ℓ=1
K (ℓ)ζ(n−ℓ) = f

y (n )

+Qζ(n ).
Equivalently, we have
λ(n ) = f

y (n )

+
n∑
ℓ=1
f (ℓ)

y (n−ℓ)

+Qζ(n )+
n∑
ℓ=1
K (ℓ)ζ(n−ℓ). (A.57)
Set ey = y+ ħhny (n ) and eζ = ζ+ ħhn eζ(n ). Then the relation (A.56) and (A.55) together
with our assumption is equivalent to the following:
ex=κeymod ħhn+1,eλ= f ey+ Keζmod ħhn+1.
Hence we have proved the proposition by themathematical induction. ⊓⊔
B. Appendix
Let
 
C ,Q, (•,•)

be aDG0LAover| and let the cohomologyH of the correspond cochain
complex (C ,Q) is finite dimensional for each ghost number as a Z-graded |-vector
space. Let {eα}be a basis ofH and let tH = {t α}be thedual basis.Wedenote
¦
∂α =
∂
∂ t α
©
be the corresponding formal partial derivative acting on |[[tH ]] as derivations. As-
sume that we have a fixed versal solution Θ ∈C [[tH ]]0 to theMaurer-Cartan equation
of the DG0LA
QΘ+
1
2
(Θ,Θ) = 0,
where
Θ = t αOα+
∞∑
n=2
1
n !
t αn · · · t α1Oα1 ···αn
such that the set {Oα} from the leading term is a set of representative of the basis {eα}
ofH . TheMaurer-Cartan equation implies that
QΘ :=Q +(Θ,•) :C [[tH ]]
i −→C [[tH ]]
i+1
satisfiesQ2Θ = 0. By applying ∂γ to theMaurer-Cartan equation we obtain that
QΘγ+(Θ,Θγ) = 0,
where Θγ := ∂γΘ ∈C [[tH ]]|γ|.
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We recall that any homogeneous element X ∈C |X | satisfyingQX = 0 can be expressed
as X = cγOγ+QY with unique set of constants {cγ} in | and some Y ∈C |X |−1 defined
modulo KerQ. Also for any equality in the formQY = cγOγ implies that cγ = 0 for all γ,
since by taking theQ-cohomology class we have cγ[Oγ]≡ cγeγ = 0 and {eγ} are linearly
independent, as well as thatQY = 0. The purpose of this appendix is to confirm that
the similar properties involvingQΘ =Q +(Θ, ) and the set {Θγ}.
Proposition B.1. Any homogeneous elementX ∈C [[tH ]]|X | satisfying
QΘX = 0
can be expressed as
X = BγΘγ+QΘY ,
where {Bγ} ∈ |[[tH ]] is defineduniquelyandY ∈C [[tH ]]|X |−1 is definedmoduloKerQΘ.
Proposition B.2. Assume that we have the following equality
QΘY = B
γΘγ,
where {Bγ} ∈ |[[tH ]]. Then Bγ = 0 for all γ andQΘY = 0.
For our purpose we shall establish the above propositions modulo t n+1H and take the
limit n→∞.
Let Θ ∈ C [[tH ]]0 mod t
n+1
H be a versal solution of the Maurer-Cartan equation mod-
ulo t n+1H :
QΘ+
1
2
(Θ,Θ) = 0mod t n+1H .
LetQΘ =Q + (Θ,•)mod t
n+1
H . Then, for anyX ∈C [[tH ]]mod t
n+1
H , we haveQ
2
ΘX =
0mod t n+1H . Let Θγ = ∂γΘ ∈ C [[tH ]]
|γ| mod t nH . ThenQΘΘγ = 0mod t
n
H . We use de-
compositions of Θmod t n+1H and Θγ mod t
n
H in terms of the word length in tH :
Θ=Θ[1]+ · · ·+Θ[n ] mod t n+1,
Θγ =Θ
[0]
γ +Θ
[1]
γ + · · ·+Θ
[n−1]
γ mod t
n
H ,
where
Θ[k ] =
1
k !
t α1 · · · t αkOαk ···α1 for k = 1,2, · · · ,n .,
Θ[j ]γ =
1
j !
t α1 · · · t αjOαj ···α1γ for j = 0,1, · · · ,n − 1.
In particularΘ[1] = t αOα andΘ
[0]
γ =Oγ, whereQOγ = 0 for all γ and theQ-cohomology
classes {[Oγ]} of {Oγ} form a basis {eγ} of theQ-cohomology groupH .
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Property B.1. The conditionQΘ+ 1
2
(Θ,Θ) = 0mod t n+1H is equivalent to the following
sequence of equations
QΘ[1] = 0,
QΘ[2]+
1
2

Θ[1],Θ[1]

= 0,
...
QΘ[n ]+
1
2
n−1∑
j=1

Θ[j ],Θ[n−j ]

= 0.
Property B.2. The condition that QΘγ +

Θ,Θγ

= 0mod t nH is equivalent to the fol-
lowing sequence of equations
QΘ[0]γ = 0,
QΘ[1]γ +

Θ[1],Θ[0]γ

= 0,
...
QΘ[n ]γ +
n∑
ℓ=1

Θ[ℓ],Θ[n−ℓ]γ

= 0.
Proposition B.3. Let Θ ∈ C [[tH ]]0 mod t
n+1
H be a versal solution to the MC equation
modulo t n+1H and let Θγ = ∂γΘ ∈C [[tH ]]
|γ| mod t nH so thatQΘγ+

Θ,Θγ

= 0mod t nH .
Then any homogeneous elementX ∈C [[tH ]]|X | mod t
n
H satisfying
QX +(Θ,X ) = 0mod t nH
can be expressed as
X = BγΘγ+QY +(Θ,Y ) mod t
n
H
where Bγ ∈ |[[tH ]] defined uniquely modulo t
n
H andY ∈C [[tH ]]
|X |−1 mod t nH defined
modulo KerQΘ.
Proof. DecomposeX mod t nH in terms of the word length in tH :
X =X [0]+X [1]+ · · ·+X [n−1] mod t nH .
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Then the conditionQX + (Θ,X ) = 0mod t nH is equivalent to the following sequence
of equations:
QX [0] = 0,
QX [1]+

Θ[1],X [0]

= 0,
...
QX [n−1]+
n−2∑
ℓ=0

Θ[n−ℓ−1],X [ℓ]

= 0.
Then we need to find following sequence of solutions with the claimed properties:
X [0] = B [0]γΘ[0]γ +QY
[0],
X [1] = B [0]γΘ[1]γ + B
[1]γΘ[0]γ +QY
[1]+

Θ[0],Y [1]

,
...
X [n−1] =
n−1∑
ℓ=0
B [ℓ]γΘk−ℓγ +QY
[n−1]+
n−1∑
i=1

Θ[i ],Y n−i−1

,
for unique Bγ = B [0]γ + B [1]γ + · · ·+ B [n−1]γ mod t nH , where B
[j ]γ = 1
j !
t α1 · · · t αj bαj ···α1
γ
and bαj ···α1
γ ∈ |, and for some Y = Y [0] +Y [1] + · · ·+Y [n−1] mod t nH , where Y
[j ] =
1
j !
t α1 · · · t αj Yαj ···α1 and Yαj ···α1 ∈C
|αj |+···+|α1|−1.
We are going to usemathematical induction: consider the conditionQΘX = 0mod t
1
H ,
which is equivalent toQX [0] = 0. Then we have
X [0] = B [0]γΘ[0]γ +QY
[0]
for unique B [0]γ ∈ | and for some Y [0] ∈ C |X | defined modulo KerQ, since X [0] ∈ C
andΘ
[0]
γ =Oγ. Hence our claim is truemodulo t
1
H .
Fix k such that 1< k < n − 1 and assume that our claim is true for modulo t k+1H :
X = BγΘγ+QY +(Θ,Y ) mod t
k+1
H (6.1)
where Bγ = B [0]γ+ B [1]γ · · ·+ B [k ]γ mod t k+1H defined uniquely and Y =Y
[0] +Y [1] +
· · · +Y [k ]mod t k+1H defined modulo Ker QΘ. We have, in components, for all j =
0,1, · · · ,k ,
X [j ] =
j∑
ℓ=0
B [ℓ]γΘj−ℓγ +QY
[j ]+
j∑
i=1

Θ[i ],Y [j−i ]

.
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Then, we need to show that there exist unique B [k+1]γ andY [k+1] satisfying
X [k+1] =
k+1∑
ℓ=0
B [ℓ]γΘk+1−ℓγ +QY
[k+1]+
k+1∑
i=1

Θ[i ],Y [k+1−i ]

,
such that
X = BγΘγ+QY +(Θ,Y ) mod t
k+2
H
for unique Bγ = B [0]γ+ B [1]γ+ · · ·+ B [k ]γ+ B [k+1]γ mod t k+2H and for someY =Y
[0]+
Y [1]+ · · ·+Y [k ]+Y [k+1] mod t k+2H is defined modulo KerQΘ.
We shall proceed as follows:
– (Claim 1): we claim that the following expression:
J [k+1] :=X [k+1]−
k+1∑
ℓ=1
B [k+1−ℓ]γΘ[ℓ]γ −
k+1∑
ℓ=1

Θ[ℓ],Y [k+1−ℓ]

satisfiesQJ [k+1] = 0.
– (Claim 2): Note that the last term of the expression J [k+1] is ambiguous due to
the ambiguities ofY =Y [0]+ · · ·+Y [k ]mod t k+1H , which is assumed to be defined
modulo KerQ + (Θ, ). We claim that the resulting ambiguity of J [k+1] isQ-exact.
That is, ifY ′ =Y ′[0]+· · ·Y ′[k ] mod t k+1H denote any other possible choice for (6.1),
and let
J ′[k+1] :=X [k+1]−
k+1∑
ℓ=1
B [k+1−ℓ]γΘ[ℓ]γ −
k+1∑
ℓ=1

Θ[ℓ],Y ′[k+1−ℓ]

,
then
J [k+1]−J ′[k+1] =
k∑
ℓ=0

Θ[k+1−ℓ],Y ′[ℓ]−Y [ℓ]

∈ ImQ.
Hence bothJ [k+1] andJ ′[k+1] belong to the sameQ-cohomology class.
From the above claims, it follows that there is unique set {B [k+1]γ}, where B [k+1]γ =
1
(k+1)!
t ρ1 · · · t ρk+1bρk+1 ···ρ1
γ, such that
J [k+1] = B [k+1]γΘ[0]γ +QY
[k+1],
J ′[k+1] = B [k+1]γΘ[0]γ +QY
′[k+1],
(6.2)
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for someY [k+1],Y ′[k+1] definedmodulo KerQ. From the above and the definitions of
J [k+1] andJ ′[k+1] we obtain that
X [k+1] =
k+1∑
ℓ=0
B [k+1−ℓ]γΘ[ℓ]γ +QY
[k+1]+
k+1∑
ℓ=1

Θ[ℓ],Y [k+1−ℓ]

=
k+1∑
ℓ=0
B [k+1−ℓ]γΘ[ℓ]γ +QY
′[k+1]+
k+1∑
ℓ=1

Θ[ℓ],Y ′[k+1−ℓ]

.
(6.3)
Fromeq. (6.2) we also obtain thatJ [k+1]−QY [k+1] =J ′[k+1]−QY ′[k+1], which implies
that
Q

Y ′[k+1]−Y [k+1]

+
k∑
ℓ=0

Θ[k+1−ℓ],Y ′[ℓ]−Y [ℓ]

= 0. (6.4)
LetY :=Y [0]+· · ·+Y [k ]+Y [k+1] mod t
[k+2]
H andY
′ :=Y ′[0]+· · ·+Y ′[k ]+Y ′[k+1] mod t
[k+2]
H .
Combined with our assumption, the relations in eq. (6.3) imply that
X = BγΘγ+QY +(Θ,Y ) mod t
k+2
H
= BγΘγ+QY
′+
 
Θ,Y ′

mod t k+2H .
Combined with our assumption, the relation in eq. (6.4) implies that
Q(Y ′−Y )+
 
Θ,Y ′−Y

= 0mod t k+2H .
Thus, we shall have a proof of our proposition by mathematical induction the two
claims above are checked.
Proof of Claim 1.We shall show that
k∑
j=0

Θ[k+1−j ],X [j ]

=−Q
 
k+1∑
ℓ=1
B [k+1−ℓ]γΘ[ℓ]γ +
k+1∑
ℓ=1

Θ[ℓ],Y [k+1−ℓ]
!
.. (6.5)
From the conditionQX +
 
Θ,X

= 0mod t n+1H , which implies that
QX [k+1]+
k+1∑
ℓ=1

Θ[ℓ],X [k+1−ℓ]

= 0,
we see that (6.5) is equivalent to the claim thatQJ [k+1] = 0.
Consider the left hand side of eq. (6.5):
k∑
j=0

Θ[k+1−j ],X [j ]

.
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From the assumption (6.1) we have
k∑
j=0

Θ[k+1−j ],X [j ]

=
k∑
j=0
j∑
ℓ=0
B [ℓ]γ

Θ[k+1−j ],Θ[j−ℓ]γ

+
k∑
j=0

Θ[k+1−j ],QY [j ]

+
k∑
j=0
j∑
i=1

Θ[k+1−j ],

Θ[i ],Y [j−i ]

.
We consider the first and second lines in the right hand side of the above separately:
– For the first line we have
k∑
j=0
j∑
ℓ=0
B [ℓ]γ

Θ[k+1−j ],Θ[j−ℓ]γ

=
k+1∑
ℓ=1
B [k+1−ℓ]γ
 
ℓ∑
i=1

Θ[i ],Θ[ℓ−i ]γ
!
=−Q
 
k+1∑
ℓ=1
B [k+1−ℓ]γΘ[ℓ]γ
!
where we did re-summations for the first equality and used Property B.2 for the
second equality.
– For the second line we have
k∑
j=0

Θ[k+1−j ],QY [j ]

+
k∑
j=0
j∑
i=1

Θ[k+1−j ],

Θ[i ],Y [j−i ]

=−Q
k∑
j=0

Θ[k+1−j ],Y [j ]

+
k∑
j=0

QΘ[k+1−j ],Y [j ]

+
k∑
j=0
j∑
i=1

Θ[k+1−j ],

Θ[i ],Y [j−i ]

=−Q
k+1∑
ℓ=1

Θ[ℓ],Y [k+1−ℓ]

+
k+1∑
j=1
QΘ[j ]+ j−1∑
i=1

Θ[i ],Θ[j−i ]

,Y [k+1−j ]

=−Q
k+1∑
ℓ=1

Θ[ℓ],Y [k+1−ℓ]

,
where we have used the property that Q is a derivation of the BV bracket in the
first equality, re-summations in the second equality and the Jacobi identity of the
BV bracket in the third equality, and the MC equation modulo t n+1H (Property B.1)
for the last equality. Thus we have established the identity in eq. (6.5).
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Proof of Claim 2. Consider the last term of J [k+1] defined in claim 1, which can be
re-summed as
−
k∑
ℓ=0

Θ[k+1−ℓ],Y [ℓ]

Let Y = Y [0] + · · ·Y [k ] mod t k+1H . By the assumption that Y mod t
k+1
H is defined
modulo Ker Q + (Θ, ). Let Y ′ = Y ′[0] + · · ·Y ′[k ] mod t k+1H denote any other possible
choice such that (Y ′ −Y )mod t k+1H belongs to KerQ + (Θ, ). Then, by the assump-
tion, we have
Y ′−Y =C γΘγ+QW +(Θ,W )mod t
k+1
H
for some C γ ∈ |[[tH ]]/t
k+1
H and someW ∈

C ⊗|[[tH ]]/t
k+1
H
|Y |−1
. Thus for each 0≤
ℓ≤ k , we have
Y [ℓ]′−Y [ℓ] =

Y γΘγ
[ℓ]
+QW [ℓ]+(Θ,W )[ℓ] .
Let
J ′[k+1] :=X [k+1]−
k+1∑
ℓ=1
B [k+1−ℓ]γΘ[ℓ]γ −
k+1∑
ℓ=1

Θ[ℓ],Y ′[k+1−ℓ]

,
then
J [k+1]−J ′[k+1] =
k∑
ℓ=0

Θ[k+1−ℓ],Y ′[ℓ]−Y [ℓ]

=

Θ,Y γΘγ
[k+1]
+(Θ,QW +(Θ,W ))[k+1] .
It remains to show that the right hand side of the above isQ-exact. The first term can
be rearranged as follows

Θ,Y γΘγ
[k+1]
=
k∑
j=0
Y [j ]γ

Θ,Θγ
[k+1−j ]
.
We then use the identityQΘ+

Θ,Θγ

= 0mod t nH (Property B.2) to obtain that

Θ,Y γΘγ
[k+1]
=−Q
k∑
j=0
Y [j ]γΘ[k+1−j ]γ .
For the second term, we have
(Θ,QW +(Θ,W ))[k+1] =−Q((Θ,W )[k+1]+

QΘ+
1
2
(Θ,Θ) ,W
[k+1]
=−Q (Θ,W )[k+1]
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where we used the property that Q is a derivation of the BV bracket and the Jacobi
identity of the BV bracket for the first equality and the MC equationQΘ+ 1
2
(Θ,Θ) =
0mod t n+1H for the second equality. Combined together we have
J [k+1]−J ′[k+1] =
k∑
ℓ=0

Θ[k+1−ℓ],Y ′[ℓ]−Y [ℓ]

=−Q
 k∑
j=0
Y [j ]γΘ[k+1−j ]γ +(Θ,W )
[k+1]
 ,
to establish the claim. ⊓⊔
Proposition B.4. Let Θ ∈ C [[tH ]]0 mod t
n+1
H be a versal solution to the MC equation
modulo t n+1H and let Θγ = ∂γΘ ∈ C [[tH ]]
|γ| mod t nH . Let m ≤ n. Assume that we have
the following equality
QX +(Θ,X ) =C γΘγ mod t
m
H
whereX ∈C [[tH ]]|X |mod t
m
H and C
γ ∈ |[[tH ]]mod t
m
H . Then
C γ = 0mod tmH ∀γ,
QX +(Θ,X ) = 0mod tmH .
and
Proof. It is obvious, for the casem = 1, since the conditionQX+(Θ,X ) =C γΘγ mod t
1
H
is equivalent to
QX [0] =C [0]γΘ[0]γ =C
[0]γOγ
so thatC [0]γ = 0 for all γ andQX [0] = 0. It follows that
X [0] = B [0]γΘ[0]γ +QY
[0].
Fix j such that 2≤ j ≤m − 1 and assume that
QX +(Θ,X ) = 0mod t
j
H ,
C γ = 0mod t
j
H ∀γ.
(6.6)
Then the condition
QX +(Θ,X ) =C γΘγ mod t
j+1
H
is equivalent to
QX [j+1]+(Θ,X )[j+1] =C [j+1]γΘ[0]γ , (6.7)
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in addition to (6.6), and we need to show thatC [j+1]γ = 0 for all γ.
From proposition B.3, the assumption thatQX +(Θ,X ) = 0mod t
j
H implies that
X = BγΘγ+QY +(Θ,Y ) mod t
j
H
with some Bγ ∈ |[[tH ]]mod t
j
H and some Y ∈ C [[tH ]]
|X |−1 mod t
j
H . Then the term
(Θ,X )[j+1] in (6.7) becomes
(Θ,X )[j+1] =

Θ,BγΘγ+QY +(Θ,Y )
[j+1]
=

Θ,BγΘγ
[j+1]
−Q (Θ,Y )[j+1]+(QΘ,Y )[j+1]+(Θ, (Θ,Y ))[j+1]
=−Q

BγΘγ+(Θ,Y )
[j+1]
,
where we have used the property thatQ is a derivation of the bracket, i.e.,
Q (Θ,Y )[j+1] = (QΘ,Y )[j+1]− (Θ,QY )[j+1] ,
for the 2nd equality and the assumptions that QΘγ + (Θ,Θγ) = 0mod t
n
H and QΘ +
1
2
(Θ,Θ) = 0mod t n+1H after the Jacobi law of the bracket for the last equality. Hence
(6.7) implies that
Q

X − BγΘγ− (Θ,Y )
[j+1]
=C [j+1]γΘ[0]γ .
It follows that C [j+1]γ = 0 for ∀γ andQX [j+1] + (Θ,X )[j+1] = 0. Thus we have estab-
lished thatC γ = 0mod t
j+1
H for all γ andQX +(Θ,X ) = 0mod t
j+1
H . Our proposition
follows by mathematical induction. ⊓⊔
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